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Abstract

Motivated by problems that arise in computing degrees
of belief, we consider the problem of computing asymp-
totic conditional probabilities for first-order formulas.
That is, given first-order formulas ¢ and 6, we consider
the number of structures with domain {1,..., N} that
satisfy #, and compute the fraction of them in which ¢
is true. We then consider what happens to this proba-
bility as N gets large. This is closely connected to the
work on 0-1 laws that considers the limiting probabil-
ity of first-order formulas, except that now we are con-
sidering asymptotic conditional probabilities. Although
work has been done on special cases of asymptotic con-
ditional probabilities, no general theory has been devel-
oped. This is probably due in part to the fact that 1t has
been known that, if there is a binary predicate symbol
in the vocabulary, asymptotic conditional probabilities
do not always exist. We show that in this general case,
almost all the questions one might want to ask (such as
deciding whether the asymptotic probability exists) are
highly undecidable. On the other hand, we show that
the situation with unary predicates only is much bet-
ter. If the vocabulary consists only of unary predicate
and constant symbols, it is decidable whether the limit
exists, and if it does, there is an effective algorithm for
computing it. The complexity depends on two param-
eters: whether there is a fixed finite vocabulary or an
infinite one, and whether there is a bound on the depth
of quantifier nesting.
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1 Introduction

Consider an agent (or expert system) whose data con-
sists of some facts §, who would like to assign a degree of
belief to a particular statement ¢. For example, a doc-
tor may want to assign a degree of belief to the hypoth-
esis that a patient has a particular illness, based on the
symptoms exhibited by the patient together with gen-
eral information about symptoms and diseases. Since
the actions the agent takes may depend crucially on this
degree of belief, we would like techniques for computing
degrees of belief in a principled manner. In this pa-
per we investigate the properties of two formalisms for
computing degrees of belief, based on the same general
approach.

The approach is an old one, going back to Laplace
[Lap20]. Tt is essentially what has been called the prin-
ciple of insufficient reason [Kri86] or the principle of
indifference [Key21]. The idea is to assign equal de-
gree of belief to all basic “situations” consistent with
the known facts. We consider two embodiments of this
principle, which we call the random-worlds method and
the random-structures method; they differ in how the
idea of “situation” is interpreted.

In the random-worlds method, if we know that the
domain has size N, the possible situations are all the
worlds, or first-order models, with domain {1,..., N}
that satisfy the constraints §. We then compute the
fraction of them in which the formula ¢ is true, and take
this fraction to be our degree of belief in ¢. The random-
worlds method views each individual in {1,..., N} as
having a distinct name (even though the name may not
correspond to any constant in the vocabulary). Thus,
two worlds that are isomorphic with respect to the sym-
bols in the vocabulary are still treated as distinct situa-
tions. In contrast, the random-structures method only
counts isomorphism classes of worlds (taking these as
the basic situations). Intuitively, this says that struc-
tures that are indistinguishable by the language should
only be counted once.?

1The random-worlds method considers what has been called
in the literature labeled structures, while the random-structures
method considers unlabeled structures [Com88]. We choose to



We often do not know the precise domain size N, but
do know that it is large. Thus, we are particularly inter-
ested in knowing the asymptotic behavior of the degree
of belief. Thus, we want to know (for both methods)
whether the fraction of situations where ¢ is true con-
verges to some limit as the domain size N gets large and,
if it does, whether we can we characterize what this
asymptotic probability is. The answer to these ques-
tions depends in part on the language that ¢ and 6 are
expressed in. Ultimately, we are interested in a lan-
guage that allows first-order assertions (like “all pen-
guins are birds”) and statistical assertions (like “90%
of birds fly”). Since the issues that arise with statisti-
cal assertions are significantly different from those that
arise with first-order assertions, in this paper we restrict
attention to the pure first-order case; in a companion
paper [GHK92] we consider the case of statistical asser-
tions.

To readers familiar with the work on asymptotic prob-
abilities for various logics, our questions will seem quite
familiar. For example, in the context of first-order for-
mulas, 1t is well known that if we consider a formula
with no constant or function symbols, then (for both
methods) its asymptotic probability is either 0 or 1
[GKLT69, Fag76]. Moreover, it is known that both
methods give the same asymptotic probability [Fag77];
as we shall see, this is not the case once we move to con-
ditional probabilities. After the initial results, 0-1 laws
were proved for special classes of first-order structures
(such as graphs, tournaments, partial orders, etc.; see
the overview paper [Com88] for details and further ref-
erences). In many cases, the classes considered could be
defined in terms of first-order constraints. Thus, these
results can be viewed as special cases of the problem
that we are interested in: computing asymptotic condi-
tional probabilities relative to structures satisfying the
constraints of a database. Lynch [Lyn80] showed that,
for the random-worlds method, asymptotic limits exist
for first-order formulas involving unary functions, al-
though there is no 0-1 law. (Recall that the original 0-1
result is specifically for first-order logic without function
symbols.) This can also be viewed as a special case of
a conditional asymptotic probability for first-order logic
without functions, since we can replace the unary func-
tions by binary predicates, and condition on the fact
that they are functions.

Despite all this work on special cases, to the best of
our knowledge there has been no work on the general
problem of asymptotic conditional probabilities. Per-
haps the main reason for this is that it is well known
[Fag76] that we do not always get convergence of con-
ditional probabilities. In this paper, motivated by our

use our own terminology for these methods, partly because we
feel it is more descriptive, and partly because there are other
variants of the approach that do not fit into the standard la-
beled /unlabeled structures dichotomy (see [BGHK92]) .

desire to apply these methods to computing degrees of
belief, we consider the general question of when asymp-
totic probabilities exist for first-order logic, and how to
compute them if they do.

We begin by showing that once we have a binary pred-
icate symbol in the vocabulary, things are essentially as
bad as possible. Not only does there not exist an asymp-
totic probability in general, but almost all the questions
one might want to ask (such as deciding whether the
asymptotic probability exists) are highly undecidable.
Things get better if we restrict attention to unary vo-
cabularies, 1.e., vocabularies consisting only of unary
predicate symbols, equality, and constant symbols. In
this case, the asymptotic conditional probability of ¢
given 6 exists iff 6 is satisfied in sufficiently large mod-
els (we define what we mean by “sufficiently large” later
in the paper). We show that it is decidable whether the
asymptotic limit exists and, if it does, there is an effec-
tive algorithm for computing it. Unary predicates are
of great interest because they express properties of in-
dividuals. (For example, symptoms and diseases can be
represented as unary predicates.)

We then turn our attention to the complexity of
computing the asymptotic probability in the unary
case. Qur results, which are the same for random
worlds and random structures, are summarized in Ta-
ble 1. As the table shows, the complexity depends
on two parameters. One is whether we have a fixed
and finite or an infinite vocabulary, and the other is
whether we allow bounded or unbounded quantification
depth. For example, with an infinite vocabulary and
unbounded quantification, checking whether the limit
exists i1s NEXPTIME-complete, while the problem of
computing the probability if it is exists is essentially
#EXP-complete (where #EXP is the exponential time
analogue of #P [Val79a]). Somewhat surprisingly in
light of our other results, these results hold even if we
restrict to formulas of quantification depth two. For un-
quantified formulas or depth one quantification, things
become an exponential factor casier.? If we consider any
fixed finite vocabulary, the problem of checking whether
the limit exists and computing it are PSPACE-complete
with unbounded quantification. On the other hand, for
any bound on the quantification depth, we can effec-
tively find a linear time and logarithmic space algorithm
that solves the problem (where the constants depend on
the bound). In the cases where computing the asymp-
totic probability is hard, we can show that finding a
nontrivial estimate of the probability (i.e., deciding if it
lies in a nontrivial interval) is almost as difficult.

These results are of more than purely technical in-
terest. The random-worlds method is of considerable

2The #P upper-bound for computing the limits requires a non-
standard definition of quantifier depth. The precise definition is
found in Section 5.2.



fixed finite vocabulary
unbounded depth

bounded depth

infinite vocabulary
depth < 2 depth > 2

do limits exist? in linear time

PSPACE-complete

NP-complete | NEXPTIME-complete

compute limits | in linear time

PSPACE-complete

#P-complete #EXP-complete

in linear time

approx. limits

PSPACE-complete

(co-)NP-hard | (co-)NEXPTIME-hard

Table 1: Complexity of asymptotic probabilities for unary vocabularies

theoretical and practical importance. We have already
mentioned its relevance to computing degrees of belief.
There are well-known results from physics that show the
close connection between the random-worlds method
and mazimum entropy [Jay78]; some formalization of
similar results, but in a framework that is close to that of
the current paper, can be found in [PV89, GHK92]. Es-
sentially, the results say that in certain cases the asymp-
totic probability can be computed using maximum en-
tropy methods.?

Given the wide use of maximum entropy, and its jus-
tification in terms of the random-worlds method, our
results showing that it is not as widely applicable as
one might hope come as somewhat of a surprise. In-
deed, the difficulties of using the method once we move
to binary predicates seem not to have been fully appre-
ciated. In retrospect, this is not that hard to explain;
in almost all applications where maximum entropy has
been used the database is described in terms of unary
predicates (or, equivalently, unary functions with a fi-
nite range, which of course can be encoded using unary
predicates). For example, in physics applications we
are interested in such predicates as quantum state (see
[DD85]). Similarly, AT applications and expert systems
typically use only unary predicates ([Che83]) such as
symptoms and diseases. In these examples, the vocab-
ulary typically used is relatively small, and quantifiers
are rarely deeply nested. This, of course, is precisely
the case where our linear time result applies.

2 Limiting probabilities

Let @ be a set of of predicate and function symbols, and
let £(®) (resp., L (®)) denote the set of first-order for-
mulas over & with equality (resp., without equality). In
order to simplify the presentation, we begin by assum-
ing that @ is finite; the case of an infinite vocabulary is
deferred to Section 2.3.

3 These results are of far more interest when there are statisti-
cal assertions in the language, so we do not discuss them here (see
[PV89, GHK92] for more details). We remark that our computa-
tions of the asymptotic probability in the case of pure first-order
logic over unary predicates can be understood in terms of maxi-
mum entropy, but this interpretation does not give much insight
in this case.

2.1 The random-worlds method

We begin by defining the random-worlds, or labeled,
method. Given a formula & € £(®), let #world%(@ be
the number of worlds, or first-order models, of ¢ over ®
with domain {1, ..., N}. Note that the assumption that
® is finite is required for #world%(&') to be well-defined.

w, P, _ #worldq>(<p/\€) .
Let Pryy (¢lf) = #U}T](\lm. At first glance, it seems

that the value of Pr%’q)(goW) depends on the choice of
®. The following proposition shows that this is not the
case.

Proposition 2.1: Let ®, ®' be finite vocabularies, and
let ©,0 be formulas in both L(®) and L(P'). Then

Priv®(¢l6) = Priv® (¢]6).

Based on this proposition, we omit reference to @ in
Pr%’q)(gow), writing Priy(¢]f) instead.

We would like to define Prg (¢|f) as the limit
limy_. o Priy(¢]f). There is a small technical problem
we have to deal with in this definition: we must de-
cide what to do if #worldy(#) = 0, so that Priy(p|6)
is not well-defined. It might seem reasonable to say
that the asymptotic probability is not well-defined if
#worldj{\)f(ﬂ) = 0 for infinitely many N. However, sup-
pose that 4 is a formula that is true only when N is even
and, for even N, ¢ A 6 holds in one third of the mod-
els of #. In this case, we might want to say that there
is an asymptotic conditional probability of 1/3, even
though #world}i\}(ﬁ) = 0 for infinitely many N. Thus,
we actually consider two notions: the persistent limit,
denoted OOPry, (¢]f), and the intermittent limit, de-
noted OOPrY, (¢|0) (the prefixes stand for the temporal
logic representation of the persistence and intermittence
properties [MP92]). In either case, we say that the limit-
ing probability is either not well-defined, does not exist,
or is some fraction between 0 or 1. The only difference
between the two notions lies in when the limiting prob-
ability 1s taken to be well-defined. This difference is
made precise in the following definition.

Definition 2.2: The asymptotic probability

OOPrY (p|f) is well-defined if #worldy(6) # 0 for all
but finitely
many N; OOPry (¢|f) is well-deﬁnedif#world%(ﬁ) #0
for infinitely many N. If the asymptotic probability
&OPry, (¢]f) (resp., OCOPrY, (¢]#)) is well-defined, then



we take COPry (p]f) (resp., OOPry, (¢]6)) to denote
th—»oo,#world%(G)#O Priv(»l0). 1

It will follow from our results that the two notions of
limiting probability coincide if we restrict to unary pred-
icates or to languages with no equality. In general, it
is clear that if OOPry, (¢|f) is well-defined, then so is
OOPry, (¢]f); the converse is not necessarily true.

2.2 The random-structures method

Even if two different worlds are isomorphic (as first-
order structures), they contribute seperately to the
count #woﬂd%(ﬁ). In contrast, the random-structures
method is based on the intuition that we should be
counting distinct structures, or isomorphism classes of
models instead.

Formally, we proceed as follows. Given a formula
& € L(D), let #struct%(ﬁ) be the number of isomor-
phism classes of worlds with domain {1,..., N} over
the vocabulary ® satisfying ¢. We can then proceed,

s, P #structT(pnd)
as before, to define Pry (¢|f) as #“TI;?Q(@' We

define the persistent limit, denoted GOPri®(¢|6), and
the intermittent limit, denoted OOPrE®(¢|f), in terms
of Prj\}¢(go|9), in analogy to the earlier definitions for
random-worlds. Tt is clear that #worldy(8) = 0 iff
#struct?\’,(ﬂ) = 0, so that well-definedness (both persis-
tent and intermittent) is equivalent for the two methods,
for any ¢, 6.

As the following example shows, for the random-
structures method, the analogue to Proposition 2.1 does
not hold; the value of Prj\}¢(go|9), and even the value of
the limit, depends on the choice of ®. This example,
together with Proposition 2.1, also demonstrates that
the values of conditional probabilities generally differ
between the random-worlds method and the random-
structures method. This is in contrast to the case for
unconditional probabilities; Fagin [Fag76] showed that
the random-worlds and random-structures methods give
the same answers for unconditional probabilities, if we
do not have constant or function symbols in the lan-

guage.

Example 2.3: Consider ® = {P} for a unary predicate
P. Let 6 be Iz P(z) vV =3z P(z) (where, as usual, “3!”
means “exists a unique”), and let ¢ be 3z P(z). For
any domain size N, #struct%(é’) = 2: In one structure,
there is exactly one element satisfying P and N — 1 sat-
isfying = P; in the other, all elements satisfy =P. There-
fore, ©COPrS®(p|6) = i

Now, consider ' = {P, @}, for a new unary predicate
(. There are 2N structures where there exists an ele-
ment satisfying P: the element satisfying P may or may
not satisfy ), and of the N — 1 elements satisfying = P,
any number between 0 and N — 1 may also satisfy Q.

On the other hand, there are N + 1 structures where all
elements satisfy =P: any number of elements between
0 and N may satisfy ). Therefore, Prj\’,q)l(goW) = %,
and Prgfl(go|9) =2

We know that the asymptotic limit for the random-
worlds method will be the same, whether we use ® or
®’. Using ®, notice that the single structure where
Alz P(z) is true contains N worlds (corresponding to
the choice of element satisfying P), whereas the other
possible structure contains only one world. Therefore,

SOPr (¢]f) = 1. 1

2.3 Infinite vocabularies

Up to now, we have assumed that the vocabulary @ is
finite. As we observed, this assumption is crucial in
our definitions of #woﬂd}{\){(&’) and #struct%(ﬁ). Nev-
ertheless, in many standard complexity arguments, it
is crucial that the vocabulary is infinite. For example,
satisfiability for propositional logic formulas is decid-
able in linear time if we assume a fixed finite vocabu-
lary. We need to assume an infinite vocabulary to get
NP-completeness.

How can we modify the random-worlds and random-
structures methods to deal with an infinite vocabulary
®7? The issue is surprisingly subtle. One plausible choice
depends on the observation that even if @ is infinite, the
set of symbols appearing in a given formula is always fi-
nite. We can thus do our computations relative to this
set. More formally, if ®, 49 denotes the set of sym-
bols appearing in ¢ A 8, we could define Pr%’q)(go|9) =
Pr%’q)“e (p|6). Similarly, for the random-structures
method, we could define Prf\’,@(go|9) = Prj\}@“e(ﬂ@).
The problem with this approach is that the values given
by the random-structures approach depend on the vo-
cabulary, and it is easy to find two equivalent formu-
las ¢ and ¢’ such that ®, # &, and Prj\’,q)(gow) +
Prj\’,‘b(go’|9). (A simple example of this phenomenon can
be obtained by modifying Example 2.3 slightly.) Thus,
under this approach, the value of asymptotic conditional
probabilities can depend on the precise syntax of the for-
mulas involved. We view this as undesirable, and so in
the following we concentrate on two different interpre-
tations of the idea of an infinite vocabulary.*

The first of these two alternative approaches treats an
infinite vocabulary as a limit of finite sub-vocabularies.
Assume for ease of exposition that ® is countable. Let
®,,, consist of the first m symbolsin ®. We can then de-
fine Pr%’@(ﬂﬁ) = limy,— oo Pr%’q)m(gdﬂ) (where we take
Pr®™ (4|6) to be undefined if ¢, 6 ¢ L£(®,,)). Simi-
larly, we can define Prf\’,@(ﬂﬁ) = limy,— oo Prf\’,@m(ﬂ@).

4We note, however, that all our later complexity results con-
cerning infinite vocabularies can be easily shown to hold for the
definition just discussed.



The second possibility is quite different. In it, al-
though there may be an infinite vocabulary in the back-
ground, we assume that each problem instance comes
along with a finite vocabulary as part of the input.
Thus, in our infinite vocabulary, we may have pred-
icates that are relevant to medical applications, sci-
entific applications, automobile insurance applications,
etc. When thinking about medical applications, we use
that finite portion of the infinite vocabulary that is ap-
propriate. In this approach, we always deal with fi-
nite vocabularies, but ones whose size is potentially un-
bounded because we do not fix the relevant vocabulary
in advance.

In essence, the first approach can be viewed as saying
that there really is an infinite vocabulary, while the sec-
ond approach considers there to be an infinite collection
of finite (but unbounded) vocabularies. The distinc-
tion between these possibilities is not usually examined
as closely as we have done here. This i1s because the
difference is rarely important. For example, proposi-
tional satisfiability i1s NP-complete over an infinite vo-
cabulary, no matter how we interpret “infinite.” In our
context, the difference turns out to be moderately sig-
nificant. For random worlds, an argument based on
Proposition 2.1 shows the two approaches lead to the
same answers (as does the approach that we rejected
where, when computing Prj{\)f(gow), we restrict the vo-
cabulary to ®,r9). However, the two approaches can
lead to quite different answers in the case of the random-
structures approach.

In fact, and somewhat surprisingly, the random-
worlds and random-structures methods turn out to
agree if we use the first, limit, interpretation of in-
finite vocabularies. That is, OOPr%®(p|f) ex-
ists iff OPr:®(]f) does, and then OOPr®(pld) =
OOPre % (¢|f) (and similarly for the persistent limit).
This is a consequence of the following result. If FI(N
and G(N) are two functions of N, we write F(N) ~
G(N) if limy e F(N)/G(N) = 1.

Theorem 2.4: If ® is an infinite vocabulary, and
v, 0 € L(D), then Pr%’@(gﬂﬁ) ~ Prj\’,@(go|9)‘

3 Languages with binary predi-
cates

In this section, we discuss asymptotic conditional proba-
bilities over vocabularies that include at least one binary
predicate symbol. These probabilities do not always
exist, and almost all interesting questions about well-
definedness, existence, and the values of limits are unde-
cidable in general. Finally, we indicate why it appears to
be hard to find interesting restrictions on the language—
other than avoiding binary predicates completely—that

give effectively computable limits. Proofs of all results
can be found in the full paper.

3.1 Nonexistence

As we mentioned in the introduction, the fact that
asymptotic conditional probabilities do not always exist
is well known.

Theorem 3.1: [Fag76] Let S be a binary predicate sym-
bol. There erxist formulas ¢, 0 € L(S) such that neither
OOPrY (¢|6) nor COPry (|0) exists, although both are
well-defined.

The proof of this theorem is quite straightforward. Us-
ing a binary prediate (and equality), it is not hard to
construct formulas even and odd such that even is true
only in domains of even size, and odd is true only in
domains of odd size. We then take ¢ to be odd and 6
to be even V odd. Clearly, this probability alternates
between 0 and 1 as N increases, and does not approach
an asymptotic limit.

Although this shows that the asymptotic limit does
not exist in general, a good argument can be made that
in this case there is a reasonable degree of belief that
one can hold. In the absence of any information about
domain size, 1/2 seems the natural answer. Perhaps if
we modified our definition of degree of belief slightly, we
could increase the applicability of our techniques.

There is indeed a reasonable modification that will let
us assign a degree of belief of 1/2 in this case: we can
use Cesaro limits instead of regular limits.> The Cesaro
limit of a sequence f(n) is the limit of the average value
of f(1),...,f(n), as n goes to infinity. Tt is well known
that if the regular limit exists, then so does the Cesaro
limit, and they are equal. However, there are times
when the Cesaro limit exists and the regular limit does
not. For example, for a sequence of the form 1,0,1,0, ...
(which, of course, is precisely the sequence that arises
in the proof of Theorem 3.1), the regular limit does not
exist, but the Cesaro limit does, and is 1/2.

Unfortunately, we can show that for any definition of
limit satisfying some very basic restrictions (see [PS72]
for some definitions), the limit of the conditional prob-
abilities may not exist. That is, for any notion of limit
in a large class, there exist sentences ¢, € L({S}) (for
a binary predicate S), such that the limit of (the well-
defined subsequence of) Priy(¢|f) (resp., Prj\’,{s}(gow))
does not exist, under that definition of limit. In partic-
ular, the Cesaro limit satisfies these restrictions; there-
fore, even for Cesaro limits, the non-existence problem
still arises. This result is stated formally, and proved,
in the full paper.

5We remark that Cesaro limits have been used before in the
context of 0-1 laws; see Compton’s overview [Com88] for details
and further references.



We remark that, with a little more work, we can also
show that equality is not necessary to obtain the non-
existence of limits. We can avoid the use of equality at
the cost of adding two binary predicates.

3.2 Complexity analysis

Many important decision problems associated with
asymptotic conditional probabilities are undecidable.
We analyze the complexity of these problems in terms
of the arithmetic hierarchy. This is a hierarchy that ex-
tends the notions of r.e. (recursively enumerable) and
co-r.e. sets. We briefly review the relevant definitions
here, referring the reader to [Rog67] for further de-
tails. Consider a formula ¢ in the language of arithmetic
(i.e., using 0,1, 4+, x) having £ free variables. The for-
mula &, interpreted over the natural numbers, is said to
define a recursive set if the set of k-tuples satisfying the
formula is a recursive set. We can define more complex
sets using quantification. We define a XY prefiz as a
block of quantifiers of the form Jz1 ... xpVy1 .. . Ym .. .,
where there are k alternations of quantifiers. A II9 pre-
fix is defined similarly, except that the quantifier block
starts with a universal quantifier. A set A of natu-
ral numbers is in X if there is a first-order formula
&(z) = Q¢ in the language of arithmetic with one free
variable z, where @ is a £9 quantifier block and ¢’ de-
fines a recursive set, such that n € A iff £&(n) is true.
We can similarly define what it means for a set to be in
Y. A set is in X¥ iff it is r.e., and it is in 9 iff it is
co-r.e. The hierarchy is known to be strict; higher levels
of the hierarchy correspond problems which are “more
undecidable.”

In the full paper we prove the following results:

e Deciding whether OCPry, (¢|f) is well-defined is
I19-complete.

e Deciding whether OOPri (¢|6) is well-defined is
Y9-complete.

e Deciding
whether COPry (¢|f) (resp., OOPry, (¢]f)) exists
is I13-complete, even given an oracle that decides if
the limit is well-defined.

e Deciding whether the limit OGOPry (¢|f) (resp.,
OOCPry, (¢|f)) is in any fixed closed interval
[r1,72] C [0,1], where r; and ry are rational, is 13-
complete, given an oracle that decides if the limit
exists (note that r; = ry is allowed).

The lower bounds all use a fixed finite vocabulary,
consisting of equality and a single binary predicate.
In order to prove these results for a language without
equality, or for the case of random structures, one bi-
nary predicate is not sufficient, but we never need more
than four. For a language without equality, the first two

problems drop in complexity to r.e.-completeness; the
rest of the results continue to hold unchanged. In addi-
tion, we can show that all these results, both with and
without equality, also hold for the random-structures
method.

3.3 Is there any hope?

These results show that most interesting problems re-
garding asymptotic probabilities are badly undecidable
in general. Are there restricted sublanguages for which
these questions become tractable, or at least decidable?
We focus on one important case in most of the remain-
der of the paper, namely, that of unary vocabularies.
Here, we consider one other case.

The hardness results presented in the previous sec-
tion hold for a language consisting of a single binary
predicate symbol, but although the proofs of these re-
sults involve formulas with bounded alternation depth,
they nevertheless require deeply nested quantifiers. It
is possible to modify the same proofs to work for sen-
tences with small, fixed, quantifier depth but with no
bound on the size of vocabulary needed. What happens
if there 1s a simultaneous bound on quantifer depth and
vocabulary size?

Definition 3.2: Define d(¢) to be the depth of quanti-
fier nesting in the formula ¢:

o d(€) = 0 for any atomic formula ¢,
o d(=¢) = d(¢),

e d(&1 A &e) = max(d(€1), d(€2)),

o d(FyE) =d(¢)+1. 1

Theorem 3.3: Let ® be a fized, finite vocabulary, and
let d be a constant. Then there exists a Turing machine
M such that for any ¢,0 € L(®) of quantification depth
< d, M decides in linear time whether OOPrY (¢]0)
(resp., OOPTY (p|6), ©OPr:®(p)d), OOPrE®(¢|0)) is
well-defined, if so whether it exists, and if it exists com-
putes an arbitrarily good rational approximation to its
value.

The proof of this theorem is based on the fact that there
are only finitely many non-equivalent formulas of depth
< d over a fixed vocabulary. From the proof, it is easy
to show that, given d and ®, we can construct a fi-
nite family of linear-time Turing machines, one of which
correctly computes the asymptotic probability. Unfor-
tunately, this result is of little practical use because we
cannot effectively tell which of the machines is the right
one. If we could effectively describe how to construct
the “correct” M from ® and d, this would contradict
all our earlier undecidability results. Thus, even for this
extremely restrictive sublanguage we cannot effectively
construct algorithms for computing degrees of belief.



4 Computing the limit for unary
vocabularies

All our negative results so far depend on having at
least one binary predicate symbol in the vocabulary;
as we indicated in the introduction, this binary pred-
icate symbol is essential. If we restrict attention to
unary predicate and constant symbols, then the con-
ditional asymptotic probability of ¢ given 8 exists iff 6
is satisfiable in arbitrarily large models. The question of
whether 6 is satisfiable in arbitrarily large models is de-
cidable. Moreover, if the conditional asymptotic proba-
bility exists, then it is effectively computable. This gap
between unary predicates and binary predicates is some-
what reminiscent of the fact that first-order logic over
a vocabulary with only unary predicates (and constant
symbols) is decidable, while if we allow even a single
binary predicate symbol, then 1t becomes undecidable
[DGT9, Lew79]. This similarity is not coincidental; some
of the techniques used to show that first-order logic over
a vocabulary with unary predicate symbols is decidable
are used here to show that asymptotic limits exist.

We begin by showing how the fact that the vocabulary
is unary allows us to simplify formulas considerably. We
then give precise expressions for the value of the asymp-
totic conditional probability for both the random-worlds
and the random-structures methods, and discuss an al-
gorithm for computing them.

4.1 Model descriptions

Let P = {Py,..., P} denote a set of unary predicate
symbols and let C denote a finite set of constant sym-
bols. In this section, we always take ® = P U C unless
we explicitly state otherwise. We want to compute the
asymptotic conditional probability of formulas in the
language L(®).

Our first step is to characterize the models of these
formulas. Tt is well known [DG79], that if a formula in
L(®) is satisfiable at all, then it is satisfiable in a “small”
model (one of size at most exponential in the size of the
formula). We actually prove a somewhat stronger result
from which this fact follows.

We start with some definitions. We define an atom
over P to be a conjunction of the form @1 A ... A Qg,
where each @Q; is either P; or = P;. Note that there are
2% = 2Pl atoms over P, and that they are mutually ex-
clusive and exhaustive. We use A, ..., Ay»| to denote
the atoms over P, listed in some fixed order.

A model description over ® of size M is a syntactic
characterization of a model. It describes exactly how
many elements in the domain satisfy each atom (except
that if there are > M elements satisfying the atom, we
say just that, rather than giving the exact count); for
each element of C, it describes which atom that element

satisfies; and for each pair of elements in C, it describes
whether they are equal.

More formally, we proceed as follows. Given a for-
mula &(z) with one free variable z, we take 3™z &(2) to
be the formula that says there are precisely m domain
elements satisfying ¢.  Similarly, we define 32™z £(z)
to be the formula that says that there are at least m
domain elements satisfying &.

Definition 4.1: A size M model description (over @)
consists of a conjunction of three types of formulas:

o 2Pl formulas of the form 3"z Ai(z) for m < M or
32Myx A;(x), one for each atom over P,

e one formula of the form A;(¢) for each element ¢ €
C, describing which atom c satisfies,

e a formula of the form ¢ = ¢/ or ¢ # ¢’ for each pair
of elements ¢,c’ € C that satisfy the same atom
(i.e., such that A;(¢) and A;(c¢"), for some atom A;,
are both formulas in the model description).

Our interest in model descriptions is motivated by the
following result, which is easily proved by induction on
the quantifier depth of the sentence.

Theorem 4.2: If € is a sentence in L(P), then & is
equivalent to a disjunction of consistent model descrip-
tions of size M over ®.

Definition 4.3: For £ € L£(®), we define /\/lg> to be
the set of consistent model descriptions of size d(&)+|C]
over @ such that ¢ 1s equivalent to the disjunction of the
model descriptions in M?. |

4.2 Counting worlds

In our analysis of the random-worlds method, we first
want to compute #worldy(¢) for a sentence &. As
the following lemma shows, it suffices to compute
#woﬂd}%(d;) for a model description ).

Lemma 4.4: Let £ be a sentence in L(P). Then
#worldy (€) = 3y po #worldy (¢).

Thus, we now focus on the problem of computing
F#worldy (1) for a model description .

Definition 4.5: The characteristic of ¢ is a tuple of
the form ((d1,e1), ..., (da»|, €9121)), Where

o d; = m if exactly m < M domain elements satisfy
A; according to 1,

e d; = x if at least M domain elements satisfy A;
according to v,

e ¢; is the number of distinct domain elements which
are interpretations of elements in C that satisfy A;
according to .



Note that we can compute e; immediately from .

Definition 4.6 :
Suppose C' = {((d1,€1), ..., (dyip1,€q71)) is the charac-
teristic of ¢. We say that a component 7 in C' is active
if d; = *; otherwise i is passive. Let A(C) be the set of
active components of C'. We define

Ai(y) = A

Ao(p) = D et > d;
i€ A(C) igA(C)

Hy) = ] (di—e)t B
ig A(C)

Lemma 4.7: Let v be a consistent model descrip-
tion over ® of size M > |C|. If If Ay(¥p) = 0 and
N > KM then #worldy () = 0. If Ay(x) > 0, then

Ag(¥) N
#worldy (1) ~ g(w)al(ﬁpl)%—g)()w ‘
Definition 4.8 : Given a model description ¥ over
D, let the degree of i, written A(¥), be the pair
(A1(), Az(¢p)). We order degrees lexicographically.
We extend this definition to formulas. For § € £(®),
we define the degree of 6 over ®, written A®(6), to be
maxy, ¢ ae A(%), and the activity count of 6, written

AL(9), to be maxy, ¢ ae A1 (v). Finally, for any degree

8§ = (61,62), let ./\/i;p’é be the set of model descriptions
Y € M7 such that A(y) = 6. 11

As Lemma 4.7 shows, asymptotically the number
of models of @ is completely determined by its de-
gree. Moreover, if ; and s are two model de-
scriptions over @ such that A(y1) > A(¥s), we
have limy_ oo #world}{z,(wz)/#world]\,(l/)l) — 0. Thus,
model descriptions whose degree is higher will dominate.
These observations can be used in order to give us a pre-
cise formula for the asymptotic conditional probability.
Using Lemmas 4.4 and 4.7, it is not hard to show:

Theorem 4.9: Suppose p,0 € L(®). If AT (@) = 0,
then neither OOPry (¢]f) nor OOPrl (¢lf) is well-
defined. If AL(0) > 0, then, for § = A®(6),

. v Tuemss VW)
DOPPOO(QD|6) = <>DPI.OO($0|6) = Z ié 1/H(1/)) :
YEMD

Thus, Theorem 4.9 gives us an explicit formula for cal-
culating conditional asymptotic limits for the random-
worlds method, when the limits exist.

Since the intermittent and persistent limits agree if we
have only unary predicate symbols in the vocabulary, in
the sequel we drop the prefixes O and <O, Note that
this also holds for the random-structures method, since
the limit is well-defined in the random-worlds method
iff it is well-defined in the random-structures method.

4.3 Counting structures

We can carry out a similar analysis for the random-
structures method in order to compute #struct%(,{).
The key result is the following analogue of Lemma 4.7,
which shows that, for the random-structures method,
model descriptions of higher activity count A;(¢)
(rather than model descriptions of higher degree A(v)))
dominate.

Lemma 4.10: Let ¢ be a consistent model descrip-
tion over ® of size M > |C|. If Ay(y)) = 0 and

N > KM, then #structy (1) = 0. If Aj(x) > 0 then
Aq(¥)-1
F#structy (1) ~ W.

In analogy to Definition 4.8, we define M?’él to be

the set of ¥ € M? for which Aq(%) = 6. We now get
the following analogue to Theorem 4.9.

Theorem 4.11: Consider sentences ¢,0 € L(P). If
& = A2@) = 0, then neither OOPr®(¢|6) nor
<>DPr‘;’;I>(g0|6) s well-defined. If &, > 0, then

[Mns|

@ — & — A
8

Theorem 4.11 gives us an explicit formula for calculating

conditional asymptotic limits for the random-structures

method, when the limits exist.

4.4 The basic algorithms

The previous results suggest a straightforward algo-
rithm for computing asymptotic conditional probabil-
ities.  The algorithm is essentially the same for both
random worlds and random structures. In essence, it
generates model descriptions one by one, and checks
whether they are consistent with ¢ and with 6. (The
detailed algorithm is described in the full paper.) The
following propositions give bounds on the algorithm’s
complexity.
Let |€| be the length of the formula ¢.

Proposition 4.12: Given a model description i of size
M over ® and a sentence & € L(®), where M > d(&) +
|C|, we can decide if 1) is consistent with & in time O(Ty)
and space O(log Tg), for Ty = (M2IPHdE) ¢ ).

Proposition 4.13 : Given ® and ¢,0 € L(D),
the problem of deciding whether Pry (v|0) (resp.,
Pr®(pl0)) is well-defined can be decided in time
O(T, ) and space O(logTy,.g), where T0,o = Tiypp -
M2TIIPICRIC”  and M = d(¢ NO) + |C|. Moreover,
of the limit is well-defined, 1ts value can be computed in
the same time bounds.



We conclude this section with an example illustrating
how we can use the tools developed in this section to
compute the limits for the two methods.

Example 4.14: Consider P = {P}, C = {c,d}. Let
© =det P(c) A P(d), and  =ger true. Both § and ¢ are
equivalent to a disjunction of model descriptions of size
2. The model descriptions of maximal activity count
consistent with # all have activity count 2, and con-
juncts stating that 322z P(z) and 322z —P(z). This
table shows the model descriptions consistent with 6
satisfying this property (the two conjuncts common to
all of them are not shown).

v As(¥) | P(e)A P(d)
P(e)AP(d)Ae=d 1 Vv
P(e)AP(d)ANec#d 2 4
P(c) A=P(d) 2 X
= P(c)A P(d) 2 X
—P(c)A-P(d)Ae=d 1 X
—P(c)A-P(d)ANec#d 2 X

The number of model descriptions of maximal degree
(A1(), Az(v)) is four, and of these one is consistent
with ¢. Therefore, Prl (¢|f) = 1/4. However, all six
model descriptions have the same activity count, and
count equally for the random-structures method. Of
these, two model descriptions are consistent with ¢.
Therefore Pr2:PY(4]6) = 1/3. 11

5 Complexity analysis for the
unary case

In this section we consider the complexity of various
problems relating to asymptotic limits, when the vocab-
ulary uses unary predicates and constant symbols only.
The results we give depend on two factors: whether
the vocabulary is fixed and finite or whether it is infi-
nite, and whether we can place a bound on the depth of
quantifier nesting.

5.1 Fixed finite vocabularies

We first consider complexity of various problems when
® is fixed and finite. By “fixed” we mean that ® is not
regarded as an input parameter in the various problems
we consider, but is fixed in advance.

Theorem 5.1: For fized vocabulary ® and ¢,0 n
L(®), the problem of deciding whether Pry, (¢|0) (resp.,
Pr;’)@(ﬂﬁ)) 1s well-defined is complete for PSPACE.
The PSPACE lower bound holds even for sentences in
L= ({P}). If the asymptotic probability is well-defined,
there 1s an algorithm that computes it in polynomial
space.

Approximating the asymptotic probability is no easier
than computing it, even given an oracle that tells us
whether it is well-defined.

Theorem 5.2: Fiz ¢ with 0 < € < 1, and let P be
a unary predicate. For formulas p,6 € L~ ({P}), the
problem of deciding whether Pri, (¢|6) € [0, 1—¢] (resp.,
Priif(pl6) € [0,1 — €]) is PSPACE-complete, even
given an oracle that tells us whether the limit is well-

defined.

We cannot strengthen the lower bound in this re-
sult to hold for an arbitrary nontrivial interval in [0, 1]
bounded by rationals (which would make the form of
this theorem closer all our other approximation re-
sults). The reason is that there are only finitely many
nonequivalent formulas in £7({P}), and so finitely
many possible values for Prg (¢]f). Some closed inter-
vals will contain none of these values, and the associated
approximation problems are trivial.

The theorems just given show that our assumption
in this section (that the vocabulary is fixed and finite)
is not enough by itself to lead to computationally easy
problems. Nevertheless, there is some good news. Ex-
amining Proposition 4.13 shows that much of the com-
putational difficulty is due to quantifier nesting. In par-
ticular, we can show that for a fixed finite vocabulary
and bounded quantifier depth, we can effectively con-
struct a linear-time algorithm for deciding whether the
asymptotic probability is well-defined, and computing
it if it is. Of course, the constant factor in these algo-
rithms’ running times will be exponential in d and 27!
Note that in the binary case, although we can show that
a linear-time algorithm exists, we cannot construct it.

5.2 Infinite vocabularies

In this section we assume that we have a vocabulary
consisting of a countably infinite collection of unary
predicate symbols, @, and a countably infinite collec-
tion of constants, D. As discussed in Section 2.3, there
are at least two distinct ways of interpreting this as-
sumption (which do turn out to be equivalent in the
case of random worlds, but are truly different for ran-
dom structures). Fortunately, the complexity results
we give hold under both interpretations. In the case of
the random-worlds method, this is easy to show since,
as shown in Proposition 2.1, the limiting probability is
essentially independent of the vocabulary. From The-
orem 2.4, it follows that, asymptotically, the random-
worlds and random-structures method give the same
answers if we have an infinite vocabulary, so again, the
complexity i1s the same in this case. It is not quite as
obvious that the complexity results should be the same
with our other interpretation of “infinite vocabulary”,
where we view the vocabulary as unbounded, and part



of the input. To make it easier to see that this is in-
deed the case, we state our subsequent results in terms
of this, somewhat more cumbersome, interpretation.

In the rest of this section, ® = P U C always denotes
some finite subset of Q UD. We remind the reader that
we now view ® as an input, along with the formulas ¢
and 6.

Some of the later results in this section are best stated
in terms of a nonstandard definition of quantifier depth.
This definition treats the presence of constants as a form
of quantification.

Definition 5.3: A formula ¢ is said to have nonstan-
dard quantifier depth d'(§) = (¢ if it is of the form
E1 N ... A&, where for each i, d(&) < £—1,0r d(&) </
and &; contains no constant symbols. For any vocabu-
lary ®, Lo(®) (resp., L, (P)) denotes the set of sentences
& € L(D) (resp., £ € L7(P)) such that d'(¢) < £. 1

Subsequent complexity results will be presented in
terms of nonstandard depth. Since d(¢) < d'(€) for any
&, the fact that the lower bounds hold for this definition
only strengthens the results. We remark that the only
upper bound that depends on nonstandard depth is the
one stating that computing asymptotic probabilities for
formulas of nonstandard depth 1 is in #P.

Given this definition, we proceed to analyze the com-
plexity for the case of an infinite vocabulary.

Theorem 5.4: Given a finite vocabulary ® C QUD and
0,0 € L(®), the problem of deciding if Pry, (]0) (resp.,
Prng(gﬂﬁ)) s well-defined is complete for NEXPTIME.
The NEXPTIME lower bound holds even if ® C Q and
for sentences in L5 (D).

We next consider the problem of computing the
asymptotic probability Pry, (¢]0), given that it is well-
defined. We show that this problem is #EXP-complete.
Recall that #P (see [Val79a]) is the class of integer func-
tions computable as the number of accepting compu-
tations of a nondeterministic polynomial-time Turing
machine. The class #EXP is the exponential time ana-
logue. That is, #EXP is the class of integer functions
computable as the number of accepting computations
of a nondeterministic exponential time Turing machine.
The function we are interested in is Pre, (¢|f), which is
not integer valued. Nevertheless, we want to show that
it is in #EXP. In the spirit of similar definitions for #P
(see, for example, [Val79b, PB83]) and NP (e.g., [GIT79])
we extend the definition of #EXP to apply also to non-
integer valued functions.

Definition 5.5: An arbitrary function f is said to
be #EXP-easy if there exists an integer function f’ in
#EXP and a polynomial-time Turing machine M such
that for all z, f(z) = M(f'(2)).

A function f is #ZEXP-hard if, for #EXP-easy func-
tion g, there are polynomial-time functions h; and ho
such that, for all z, g(z) = ha(f(h1(2))).°

A function f is #EXP-complete if 1t 1s #EXP-easy
and #EXP-hard.” I

We can similarly define analogues of these definitions
for the class #P.

We now show that for an unbounded vocabulary, the
problem of computing the asymptotic limit is #EXP-
complete.®

Theorem 5.6: Given ® and p,0 € L(®P), the function
P (p|6) (resp., Pri®(pl0)) is #EXP-complete. The
#FEXP lower bound holds even if ® C Q and for sen-
tences in L5 (D).

Proof: We sketch the proof for the random-worlds
method; the proof for the random-structures method
is quite similar. For the upper bound, given ¢ and
#, observe that it is not difficult to construct a non-
deterministic exponential time Turing machine which
has one accepting path for each model description con-
sistent with # (resp., ¢ A 8). Unfortunately, in order to
compute the asymptotic conditional probability, we do
not want to count all model descriptions. Rather, as
the formula in Theorem 4.9 shows, we want to count
the model descriptions consistent with 6 (resp., ¢ A f)
that have maximum degree, without knowing in advance
what that degree is. In order to deal with this difficulty,
we show how to construct a nondeterministic time Tur-
ing machine M such that the number of accepting paths
of M encodes, for each degree §, the sum of 1/H () for
those model descriptions i of degree § which are consis-
tent with each of # and ¢ Af. From this number we can
easily calculate the asymptotic conditional probability,
using the formula in Theorem 4.9. We leave details to
the full paper.

For the lower bound, we use a result due to Lewis
[Lew80]; he shows that the satisfiability problem for
L7(Q) is complete for NEXPTIME. Lewis’ proof in-
volves a straightforward reduction of NEXPTIME to
L7(Q): given a nondeterministic Turing machine M
that runs in exponential time, and an input w, Lewis
constructs a sentence & € £L7(Q), whose length is poly-
nomial in the size of M and w, such that £ is satisfiable
iff there is an accepting computation of M on w. More-
over, ¢ has quantifier depth 2. By slightly modifying
Lewis’ proof, we can show that, given w and M, we

6Notice that we need the function hs as well as hj. For ex-
ample, if g is an integer-valued function and f always returns a
rational value between 0 and 1, as is the case for us, then there is
no function h; such that g(z) = f(h1(z)).

"Using the term #EXP-complete for a non-integer valued func-
tion is a slight abuse of notation. We use it for the sake of
simplicity.

8We allow the function computing the asymptoticlimit to have
a special value, say 2, if the asymptotic limit is not well-defined.



can construct a formula ¢ and a finite set P such that
& € L7(P) and the number of model descriptions over
P consistent with ¢ is exactly the number of accepting
computations of M on w. Lewis’ result allows us to
prove that given a formula ¢ € £7(Q) and a finite set
P C Q such that ¢ € £L7(P), counting the number of
model descriptions over P consistent with ¢ is #EXP-
complete. We then show how to reduce the problem
of counting the number of model descriptions consis-
tent with ¢ to the problem of computing an appropriate
asymptotic conditional probability.

The major difficulty we need to overcome in showing
this is the converse of the difficulty that arose in the up-
per bound: we now want to count all consistent model
descriptions consistent with ¢, while using the asymp-
totic conditional probability in the most obvious way
would only let us count the number of model descrip-
tions consistent with ¢ whose degree is maximal. In the
full paper, we show how to construct a formula § and
how to effectively transform ¢ to a formula @ (using an
extra predicate symbol @ not in ¢) such that the num-
ber of model descriptions of maximal degree consistent
with ©@ A @ is precisely the number of model descrip-
tions consistent with ¢. Using this transformation, the
rest of the proof is straightforward. I

As in Theorem 5.2, we can also show that check-
ing nontrivial estimates of the asymptotic probability
1s hard, even if we restrict to formulas of nonstandard

depth 2.

Theorem 5.7: Fiz rationals r1 and ro such that 0 <
rr < ryg < 1 and [r1,r2] # [0,1]. Given P C Q
and ¢,0 € L (P), the problem of deciding whether
Pr¥ (¢l6) € [r1,7a] (resp., PriF(p|6) € [r1,74]) is both
NEXPTIME- and co-NEXPTIME-hard, even given an
oracle for deciding whether the limit exists.

The above discussion analyzes the complexity of
asymptotic conditional probabilities for formulas whose
nonstandard quantification depth is at least 2. It re-
mains only to consider the case of formulas whose non-
standard depth is at most 1. As we show in the full pa-
per, analogous results hold, but the complexities drop
by an exponential factor in this case.
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