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Abstract

Game-theoretic characterizations of complexity clas-
ses have often proved useful in understanding the po-
wer and limitations of these classes. One well-known
example tells us that PSPACE can be characterized by
two-person, perfect-information games in which the
length of a played game is polynomial in the length of
the description of the initial position [Chandra et al.,
Journal of the ACM, 28 (1981), pp. 114-133].

In this paper, we investigate the connection between
game theory and interactive computation. We for-
malize the notion of a polynomially definable game
system for the language L, which, informally, con-
sists of two arbitrarily powerful players Py and Ps
and a polynomial-time referee V. with a common in-
put w. Player Py claims that w € L, and player Ps
claims that w & L; the referee’s job is to decide which
of these two claims 1s true. In general, we wish to
study the following question:

What 1s the effect of varying the system’s
game-theoretic properties on the class of
languages recognizable by polynomially de-
finable game systems?

There are many possible game-theoretic properties
that we could investigate in this context. The focus
of this paper is the question of what happens when
one or both of the players P, and Py have imperfect
information or imperfect recall.

We use polynomially definable game systems to de-
rive new characterizations of the complexity classes
NEXP and coNEXP. We also derive partial results
about other exponential complexity classes and isolate
some intriguing open questions about the effects of
imperfect information and imperfect recall. These re-
sults make use of recent work on complexity-theoretic
aspects of games, e.g., [Koller et al., Proc. of 26th
ACM Symposium on Theory of Computing, 1994,
pp. 750-759] and [Lipton et al., Proc. of 26th ACM
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Symposium on Theory of Computing, 1994, pp. 734—
740].

1 Introduction

Game theory provides a framework in which to model
and analyze conflict and cooperation among indepen-
dent decision makers. Many disciplines have benefit-
ted from this framework, including economics, opera-
tions research, military strategy, politics, and biology;
see, for example, [AH92] for a thorough overview of
the theory and its applications. In computer science,
game theory has been applied to, e.g., artificial intel-
ligence [R093], distributed computing [BL85], secu-
rity and privacy [FGY93], and lower bounds [Ya77].
Most importantly for structural complexity theorists,
games have been used to characterize complexity clas-
ses in illuminating ways. For example, a classical re-
sult of Chandra et al. [CKS81] tells us that PSPACE
is characterized by two-person, perfect-information
games in which the length of a played game is poly-
nomial in the length of the description of the initial
position.

In this paper, we present a general framework in
which to study the connection between game theory
and traditional complexity classes. Informally, a poly-
nomially definable game system for the language L
consists of two arbitrarily powerful players P; and Ps
and a polynomial-time referee V' with a common in-
put w. Player P; claims that w € L, and player P
claims that w & L; the referee’s job is to decide which
of these two claims is true. In general, V is allowed
to use randomness, but there are interesting cases in
which this power is not needed. Our overall goal is
to answer the following question:

What s the effect of varying the system’s
game-theoretic properties on the class of lan-
guages recognizable by polynomially defin-
able game systems?



There are many possible game-theoretic properties
that we could investigate in this context. Here, we
focus on what happens when at least one Py has im-
perfect information (does not see all of the commu-
nication between the referee and the other player) or
imperfect recall (does not remember all the informa-
tion that he himself once knew).
This framework allows us to

1. Unify and generalize the game-theoretic aspects
of ealier work on the complexity of interactive
computation [BFL91, CKS81, FRS94, FSTS&S,
LFKN92, Sh91]. For example, game theory is a
natural framework in which to state the equiva-
lence of “oracle proof systems” and “multiprover
proof systems” given in [FRS94], because ora-
cles and teams of noncommunicating provers are
both examples of players with imperfect recall.
An oracle has imperfect recall (actually, no recall
whatsoever) by definition, because it is fixed be-
fore the game between the prover and the verifier
begins. A team of provers that cannot communi-
cate during the course of the game can be viewed
collectively as one imperfect-recall player: When
one team member moves, he does not have the
information known only to other team members;
thus, when viewed as one player, the team can
be said to have “forgotten something that it once
knew.”

2. Obtain new game-theoretic characterizations of
traditional complexity classes such as NEXP and
coNEXP that are analogous to the [CKS81] char-
acterization of PSPACE. In a game that mod-
els a PSPACE-complete language, both play-
ers have perfect information. We show that,
by depriving one or more players of informa-
tion about the progress of the game, we obtain
games that model languages in higher complex-
ity classes. For example, NEXP-complete lan-
guages are modeled by games in which player P,
has imperfect recall and player P, has perfect re-
call (but possibly imperfect information). Thus,
there is an “information hierarchy” that parallels
the complexity hierarchy between

PSPACE and NEXP.

3. Isolate intriguing open questions about other ex-
ponential complexity classes and obtain partial
answers to these questions.

One interesting aspect of items 2 and 3 is that
they use both results and proof techniques from
recent papers on the complexity of solving games

[KMvS94, LY94].

Imperfect information games have been considered
in several previous works in complexity theory, in-
cluding [C89, CL86, KLRSS94, PR79, Re84]. A cru-
cial difference between these works and ours is that
the opposing players in [C89, CL86, KLRSS94, PR79,
Re84] use deterministic (pure) strategies, whereas
ours use randomized (mived) strategies.! (These and
other game-theoretic terms are formally defined in
the next section.) We claim that allowing the play-
ers to use mixed strategies is a fundamental part of
the game-theoretic paradigm. Language acceptance
is typically defined in terms of the existence of a strat-
egy for player P, that achieves certain goals against
all strategies of player P. Intuitively, this paradigm
implies that the existential player P; chooses his
strategy first, and then P; can choose the optimal
strategy against that particular fixed strategy of P;.
In particular, if P, is forced to choose a pure strat-
egy, P> knows all of P;’s moves in advance, which
essentially gives P perfect information with respect
to P;’s moves. This causes an asymmetry in the
game: Player P, clearly has an advantage. Hence,
the outcome of the game, and the definitions of the
assoclated complexity class, depend on the decision
that P, chooses his strategy first. But if the play-
ers are allowed to use randomized strategies, these
problems disappear. Intuitively, knowing the other
player’s strategy is not as useful if that strategy is ran-
domized, since it does not reveal that other player’s
moves in advance. The famous min-max theorem
shows that the players’ optimal randomized strate-
gies are 1n equilibrium: If one player plays the optimal
strategy, revealing this to the other player does not
help the other player at all. It doesn’t matter who
chooses his strategy first. Hence, the use of mixed
strategies allows us to use a framework in which the
two players play symmetric roles and to study the
effects of varying the information of both players.

The issue of mixed strategies in the context of im-
perfect information games was raised by Reif [Re79],
although without the observation that the main point

1Tt is clear in [KLRSS94, PR79, Re84] that the players use
pure strategies, because they do not toss coins at all (except
for one minor point in [KLRSS94], which is not the central
model or result of the paper). The players in [C89, CL86] do
toss coins, and hence the statement that they use pure strate-
gies requires explanation. At a particular node in a game of
[C89, CL86], a player may be required to toss a coin, or he
may be required to make a strategic move. But the prob-
abilities associated with the coin tosses are fixed in advance
and not chosen strategically by the player. Hence, coin tosses
by either player correspond to “chance moves” in standard
game-theoretic terminology; in our model, these coins would
be tossed by the referee, not by either player. Whenever a
player in [C89, CL&6] is required to make a strategic move, he
does so according to a pure strategy.



of using mixed strategies is the existence of equilibria.
Reif left as an open question the effect of using such
strategies on the complexity classes definable by im-
perfect information games. Our results can be viewed
as answering Reif’s question for certain types of im-
perfect information games.

Papadimitriou and Yannakakis [PY94] consider
complexity classes defined by games in which the
players may use mixed strategies. They are inter-
ested in the complexity of computing exact values of
games, not in the complexity of approximating these
values; hence their results are in some cases related
to our game-theoretic model (Section 2) but not to
our accept-reject model (Section 3). Their frame-
work differs critically ;from ours, however, in that
they consider games where there is no interaction be-
tween the two players. Each player independently
chooses a strategy, and these determine the outcome
of the game. This is essentially a game in normal
form. We observe that any game in extensive form
(one where the players interact dynamically) can be
converted into a game in normal form by having the
players’ strategies encode their moves at all possible
points in the game. However, this often requires that
an exponential amount of information be transmit-
ted to the referee. Hence, a polynomially definable
game system does not typically “fit” in their frame-
work. The one case in which their bound is directly
comparable to ours is pointed out in Section 4.

In Sections 2 and 3, we review the basics of game
theory and give formal definitions of polynomially de-
finable game systems and the questions we address.
Our main results and some open questions are given
in Section 4. In this extended abstract, some proofs
have been sketched; full proofs will be provided in the
journal version of the paper.

2 The game-theoretic model

We first recall the standard definition of a game in
extensive form [Kub3]. The basic structure of the
game 1s a finite directed tree whose nodes denote
game states. A play of the game starts at the root,
proceeds according to the players’ actions, and ends
at a leaf. Extensive-form games can have any finite
number of players, but we will concentrate on the
two-player case. The internal nodes of the tree are
of three types: decision nodes of player Py, decision
nodes of player Ps, and nodes for chance moves. At
each point in the game, the possible actions deter-
mine the outgoing edges at the corresponding node;
each edge is therefore labelled with some action. The
payoff function h determines a payoff h(a) for each

leaf a. In general, this payoff can be a vector denot-
ing the payoff to each of the players. We will focus
on zero-sum games, i.e., on the case where h(a) is a
real number denoting the amount that player P, must
pay to player P;. The behavior at the chance nodes
is specified by a function ( that defines a probability
distribution over the possible choices at each chance
node.

In order to represent situations in which players
may not know everything that occurs in the game
(for example, in the game of poker one player’s hand
is not known to other players), the set of decision
nodes is partitioned into information sets. Each in-
formation set belongs to exactly one player Pg. In-
tuitively, the player cannot differentiate between dif-
ferent nodes in the same information set. Hence, the
labels on the outgoing edges must be the same at all
nodes in an information set. Constraints on the in-
formation available to the players can be determined
by an examination of their information sets. Two
properties of particular interest are perfect informa-
tion and perfect recall. A player is said to have perfect
nformation if at every point in the game he knows
the entire history of moves up to that point. This
corresponds to information sets that are singletons.
A player is said to have perfect recall if at every point
in the game he remembers everything he once knew
and all of his own previous moves. Formally, this is
the case if for every pair of nodes a,a’ in the same
information set of player Py, the paths to @ and a’
pass through the same information sets of player Py
and the same decisions are taken at each one.

The players plan their actions according to strate-
gies. The basic strategy in an extensive-form game
is a pure (or deterministic) strategy. A pure strategy
7% of player Py specifies a choice at each of his in-
formation sets. Note that, because the player knows
only which information set he is at, a strategy must
dictate the same move at all nodes in an information
set. Let II* denote the set of player Pj’s pure strate-
gies. A mized strateqy pu* of player Py is a probability
distribution on the set TI* of his pure strategies. We
can define the expected payoff H(u) for each pair of
mixed strategies p = (u', p?). A strategy pair p, to-
gether with the distribution # over the chance moves,
induces a probability distribution on the leaves of the
tree. We denote the probability of reaching a leaf a
by Pr,(a). The expected payoft H(p) is then defined

to be
H(u) = 3 Pr,(a)ha). (1)
In the case of zero-sum games, there is a natural

definition of optimal strategy: the strategy guaran-
teeing the best worst-case payoff. More precisely, de-



fine:

fu = argmax, ming, H(p1, p2)

fla = argmin, max,, H(pu1, pi2)

to be the max-min and min-max strategies respec-
tively. The famous min-max theorem of von Neu-
mann implies that fi; is the optimal strategy against
fi2, and vice versa. This implies that each player Px,
by playing fir, can guarantee that his payoff will be
no worse than H(ji1, jiz).? The value H(fi1, fi2) is
called the walue of the game. Note that p; and piy
are in equilibrium: Even if one player knows in ad-
vance that the other player is playing fi, he cannot
choose a better strategy. This important property is
not guaranteed if the players are barred from random-
izing their strategies. In that case, the value of the
game is not defined, and knowing the strategy of the
other player can significantly affect the payoff (even
if the other player is playing “optimally”).

In this context, we would like to answer the follow-
ing question:

What 1s the complexity of computing the
value of a game, and how does it depend on
the various properties of the game?

This complexity clearly depends on the way in which
the game is represented. We return to this issue later
on.

We use the following notation to formalize this
problem. Let z and y be parameters that specify
the nature of players P; and Ps, respectively. They
range over the set S consisting of pi (perfect informa-
tion), pr (perfect recall, although possibly imperfect
information), and ir (imperfect recall). This defines
nine functions Value(z, y)s yes; in each, the input to
the function is a game in which P, is of type z and
Py is of type y, and the output is the value of the
game. For any threshold A € [0, 1], we obtain two cor-
responding decision problems, namely Value<y(z, y)
and Values(z,y); the game G is a yes-instance of
Values)\(:ﬂ,—y) (resp. Valuesy(z,y)) if the value of G
is at most (resp. at least) A. For example, Value(pi, ir)
is the function defined on games in which player P,
has perfect information and player P, has imperfect
recall, and, on input G, it computes the value of
G. Similarly, the yes-instances of Value<y(pi, ir) are
games in which player P; has perfect information,
player P; has imperfect recall, and the value 1s at
most A.

In Section 4 below, we use the following recent re-
sults about complexity theoretic aspects of games.

2His payoff may be better if the other player uses some other
strategy.

Theorem 2.1 (cf. [LY94]): In any game with pay-
offs in [0, 1], each player has a near-optimal mixed
strategy that chooses uniformly at random from a
logarithmic-size multiset of pure strategies. Specif-
ically, if the opponent has N pure strategies, there
exists a multiset of size [(In N)/e?] such that the cor-
responding mixed strategy guarantees a payoff within
less than ¢ of optimal.

Theorem 2.2 (cf. [KMvS94]): For any strategy
4 in a two-player, zero-sum game in extensive form,
there exists an equivalent strategy p’ such that the
support of ¢ contains at most [ pure strategies, where
! is the number of leaves in the game tree.

Theorem 2.3 (cf. [KMvS94]): The optimal
strategies of a two-player, zero-sum, perfect-recall
game in extensive form are the solutions of a linear
program whose size is polynomial in the size of the
game tree. Furthermore, this linear program can be
constructed in time polynomial in the size of the game
tree.

3 The accept-reject model

A polynomually definable game system for a language
L consists of two arbitrarily powerful players P; and
P; and a polynomial-time referee V. The referee may
be probabilistic, but there are some interesting cases
in which V does not need randomness. In particular,
this will be the case in most of our lower bounds. Py,
P,, and V have a common input tape. On input w,
P; claims that w is in L, Py claims that w is not in
L, and V'’s job is to decide which of these two claims
is true.

Each input w to such a system determines a poly-
nomially definable game G as follows. The game is es-
sentially run by the referee V. The moves in the game
are relayed by the players to V. Neither player sees
V’s communication with the other, but V can trans-
mit information about the current status of the game
to one or both players. This reflects the fact that
the players can have imperfect information to varying
degrees. When the interaction is finished, V either
accepts or rejects w. Since the referee is polynomial-
time, G lasts for poly(n) moves, and each move can
be written down in poly(n) bits, where n = |w|. The
resulting game G clearly defines a two-person, zero-
sum game tree in which the length of each path is
polynomial. If V' is probabilistic, then his coin tosses
correspond to chance moves in the game tree.

We want to use the game-theoretic notions of
“max-min/min-max strategies” and “value of the
game” to define the class of languages accepted by



such systems. We must therefore allow the players
to use mixed strategies. That is, for each possible
input w, each player has a probability distribution
over the space of his deterministic strategies. At the
beginning of the game, the players examine w and
independently choose a pure strategy using their re-
spective probability distributions; those pure strate-
gies are then played throughout the game. Since the
game tree has exponential size, a pure strategy also
has exponential size. An arbitrary mixed strategy
could of course have size doubly exponential in n.

We say that a language L is accepted by the poly-
nomially definable game system (P, P2, V) if the fol-
lowing two conditions are satisfied:

e For all w € L, there exists a mixed strategy g
for P; such that, for all strategies py for Py, V.
accepts with probability at least 2/3.

e For all w & L, there exists a mixed strategy ps
for Py such that, for all strategies p; of P, V
accepts with probability at most 1/3.

Here, the probability is taken over the pure strategies
of both players (if they use mixed strategies) and the
coin tosses of V (if any).

We would like to study the following general ques-
tion:

What 1s the effect of varying the system’s
game-theoretic properties on the class of lan-
gquages recognizable by polynomially defin-
able game systems?

There are many possible game-theoretic properties
that we could investigate in this context; in this pa-
per, we focus on the information available to the play-
ers P and P, throughout the game. Note that a
player has perfect information only if the referee re-
veals to him the outcomes of any coin tosses and any
moves taken by the other player. A player has per-
fect recall if at every point in the game he remembers
the entire history of his communication with the ref-
eree. Hence, the accept-reject model defines nine lan-
guage classes, which we denote {£(2, y)}s yes, where
S = {pi, pr,ir}, z specifies the nature of P;, and y
specifies the nature of P, as in the definition of the
Value problem in the previous section. Thus £(pi, ir)
is the class of languages defined by game systems in
which P; has perfect information and P, has imper-
fect recall.

4 Main Results

Given a polynomially definable game system, each in-
put w defines a game tree whose depth is polynomial

in |w|. We can view w as a compact representation
for a game tree. Games constructed from polynomi-
ally definable game systems are a subset of the class
of games that can be represented succinctly (i.e., in
space polynomial in the depth of the game tree).

We are interested in the general problem of com-
puting the value of succinctly represented games, and
we approach this problem from two perspectives:

A What is the complexity of computing the value
of a succinctly represented game in which P is
of type x and Ps of type y?

B What is the class £L(z,y)?

Problem A (the game-theoretic model) addresses
the complexity of computing the value of a game ez-
actly. Because the definition of a polynomially de-
finable game system requires a (1/3, 2/3) gap in ac-
ceptance probabilities, problem B (the accept-reject
model) addresses the complexity of approzimating the
value of succinctly represented games.

In this section, we address problems A and B for
each pair of values x,y. In the cases x,y in which we
upper bound problem A and lower bound problem B
by the same complexity class, we obtain tight char-
acterizations of £(z,y) and Value<y(z,y). These are
the cases in which approximating the value of a game
and computing this value exactly have the same com-
plexity. In the other cases, we obtain partial results
and state related open questions.

In our bounds on the complexity of Value(z,y),
Value<y(z,y), and Values(z,y), the length of the
input is the depth of a game tree. If the game is rep-
resented as an input string w to a polynomially de-
finable game system, then this depth is just n = |w|.
However, there are games that can be represented in
space polynomial in the depth of the tree that do not
come from polynomially definable game systems, and
hence the way we have stated these results is more
general. In results about the language classes £(z, y),
the input length is by definition n = |w|, where w is
the input of a polynomially definable game system.

We begin by proving that the classical PSPACE
characterization of perfect-information games can be
stated in our framework.

Theorem 4.1 Value(pi, pi) can be computed in poly-
nomual space.

Sketch of proof: This follows from the well-known
theorem [Zel3] that, in a perfect-information game
(even with chance moves), there is a deterministic
optimal strategy for each player. Such a strategy can
be computed in polynomial space, using the min-max
algorithm. |



Theorem 4.2 PSPACE C L(pi, pi).

Sketch of proof: This follows straightforwardly
from the fact that PSPACE is equal to alternating
polynomial time [CKS81]. |

Corollary 4.3 For any threshold A € [0,1], the lan-
quage Value<(pi, pt) is PSPACE-complete.

Corollary 4.4 L(pi, pi) = PSPACE.

We remark that the class VBC-TIME(poly(n))
defined in [C89, CL86] is formally equivalent to
L(pt, pi).

Next, we consider games in which at least one
player has imperfect information, but both have per-
fect recall. This class of games provides our main
open problem, stated in Question 4.9 below.

Theorem 4.5 Value(pr, pr) can be computed in de-
terministic exponential time.

Proof: The size of a game tree G is at most expo-
nential in its depth. We can now use Theorem 2.3
to construct and solve a linear program whose size is
polynomial in the size of G. |

Theorem 4.5 is directly comparable to the upper
bound in part (c¢) of the Classification Theorem of
[PY94]. Our bound, which makes essential use of
Theorem 2.3, is considerably stronger, because our
games are presented in extensive form, whereas those
of [PY94] are presented in normal form. Tt is easy to
see that a game in normal form (as in [PY94]) can
be viewed as a game in extensive form of the same
size. However, as we observed, a game in extensive
form generates a normal-form game that is typically
exponentially larger.

In this case, we can prove a lower bound only in
the game-theoretic model and not in the accept-reject
model.

Theorem 4.6 Value(pr, pr) is EXP-hard.

Proof: Our proof is based on the proof that linear
programming is P-hard [DLR79]. This result can be
used to show that solving two-person zero-sum games
in normal (matrix) form is also P-hard. The follow-
ing is a long and very technical exposition showing
how this P-hardness result can be scaled up to the
exponential case.

Consider a deterministic exponential time Turing
machine M and some input w. Our basic construc-
tion will be as follows. Following the lines of Jones
and Laaser [JL74], we describe the computation of M
on w using a set C of propositional Horn clauses. A

Horn clause has the form p; A ... A pr = ¢q where
p1, ..., pr are all positive literals; ¢ can be either pos-
itive or negative, and k can be 0. The set of Horn
clauses will have a unique satisfying truth assignment
if M accepts w and no satisfying assignment if M
rejects w. Player Py tries to prove that M accepts
by assigning truth values to primitive propositions;
player P, tries to prove that M rejects by picking
clauses that P, should satisfy. More precisely, V asks
P, for a single proposition to be set to true and P, for
a single clause. The payoff (degree of confidence) is
determined by whether the proposition is in the tail
of the clause, in the head of the clause, or not in the
clause at all. We will show that, if M accepts, there
exists a randomized strategy for P; that guarantees
him an expected payoff of at least 0, no matter which
clause 1s chosen. On the other hand, if M rejects,
there is no such strategy.

The translation of M into C is as follows. Let S
be the set of states of M, A be the set of tape sym-
bols, and X = S x AU A. Without loss of generality,
we assume that M has a single accepting state s;
and that it always terminates with the head on tape
location 1, with a 0 written at that location. Let
T denote the maximum possible running time of M
on an input of length n = |w|; T is exponential in
n. Clearly T is also an upper bound on the highest
tape location reached in the computation of M on w.
For each o € X, each time point ¢ € {1,..., T}, and
each possible tape location [ € {1,..., T}, we have a
propositional symbol p[t,[, o]. Intuitively, for a € A,
plt, 1, a] is true iff tape location [ contains a at time
t; for (s,a) € S x A, p[t,l,(s,a)] is true iff at time
t the state is s, the head is at tape location [/, and
that location contains a. Clearly, the description of
a single proposition requires only polynomially many
bits, so that P, can relay his move to V in polynomial
time. As we suggested, the computation of M on w
uniquely determines a truth assignment for all the
propositional variables. Let @@ be the set of proposi-
tions that are assigned true by that truth assignment.

The clauses describe the computation of M in
terms of these propositions. There are three types
of clauses. Those describing the initial state consist
of a single literal; i.e., p[1, 1, (w1, so)], and =p[1, 1, o]
for all other o. Those describing the steps of the
computation have the form

p[t’l_ 1a0-1] /\p[talaUZ] /\p[t’l—i_ 1a0-3] :>p[t+ 1a110-]
and
plt,l—1,01]Ap[t, 1, o) Ap[t, L+ 1,05 = —p[t+1,1,0"]

for appropriate choices of 01,042,035 and o # ¢'. Fi-
nally, there is a single clause asserting that M ac-



cepts: p[T, 1, (sf,0)]. This is the set C of clauses; note
that the tail of each clause contains between zero and
three propositions. Thus, as each clause refers to a
constant number of propositions, each one can be de-
scribed using polynomially many bits. Furthermore,
given w and the transition table of M, the referee V
can easily decide in polynomial time whether a clause
received ;from P, is consistent with the initial con-
figuration or describes a legal transition of M. If the
clause received is illegal, P> gets a very large negative
payoff (i.e., V accepts with a very high degree of confi-
dence). Note that the truth assignment encoded by @
satisfies all the clauses, except perhaps p[T 1, (s, 0)].
This last clause is satisfied iff M accepts w.

In order to define the game, it remains to define
the payoff assigned by V to each pair: a proposition
obtained from P; and a clause obtained from P5. As-
sume that the proposition is r and that the clause C'
has the form p1 A ... A pr = ¢, where 0<k<3. Intu-
itively, we would like to reward P; for satisfying the
head of the clause and penalize him for satisfying its
tail. Then, if he plays the right strategy, the expected
value of each clause will be as desired. However, we
need to normalize for the fact that clauses may have
a different number of propositions in the tail.

Therefore, for a = %, we define:

1+ a r=4gq
H(r,C)=3 —14a r=p;
« otherwise.

Note that, if the clause has the form p; A...Apy = —q,
then we express it as p1 A ... A prx A q = false and
essentially ignore the first case in the definition of
H(r, c).

Now, assume that w € L and consider the strategy
w1 that assigns probability ﬁ to all propositions in
@ and 0 to all the rest. This corresponds, intuitively,
to assigning “true” to propositions in ) and “false”
elsewhere. Now, consider any clause. It is satisfied
by this truth assignment. Therefore, either all propo-
sitions in it are assigned “true” or some proposition
in the tail is assigned “false.” In the first case, the
expected payoff for the clause is

1
L 1-k+Qla)=0.

Q|
In the second case, the payoff is at least (when pre-
cisely one proposition in the tail is falsified)

1
—(=(k—=1)+|Q|a) = 0.

Q|
Since there exists a strategy p1 guaranteeing a value
of 0 against every clause, the value of the game in
this case is at least 0.

The other case, where w & L, is a little harder to
see. It can be proved by equivalence to a certain linear
system used by Dobkin, Lipton, and Reiss [DLRT79],
which in turn is equivalent to unit resolution in Horn
clauses. We will sketch a direct proof. The proof as-
serts that any variable in () must get probability at
least ﬁ This clearly suffices. The proof is by induc-
tion on ¢, the time to which the proposition p[t,, o]
refers. In the base case, we have clauses determining
the precise truth assignment to each variable p[0,{, o].
If z; is the probability assigned to that proposition,
then the payoff to that clause is

ul 1
Ii+az‘$j =2+ =,

2 il
since k = 0. In order to ensure a payoff of at least
0 against this clause, we must have z; > ﬁ Now,
consider some proposition ¢ = p[t + 1,/,0] € Q. Be-
cause of the form of our construction, there must be
a clause p1 A ... Apg = ¢ where all of the p; are in Q.
Let x; represent the probability of ¢ and z;,,...,z;,
represent the probabilities of py, ..., px, respectively.
Then the payoff of this clause 1s

N
zio— (et ) ze
j=1
k—1
=z - (él‘j1+"'+f'3jk)+w-
By the inductive hypothesis, z;,...,%; > ﬁ

Hence, if we want the payoff for this clause the be
at least 0, we conclude that

1 k-1
— k4 m 20,
Q1

Lq

so that x; > ﬁ as required. [

Theorem 4.6 is analogous to the lower bound in
part (c) of the Classification Theorem of [PY94]. In
this case, the bounds are equally strong, and the
proofs are similar.

Corollary 4.7 For any threshold A € [0, 1], the lan-
guage Value<x(pr, pr) is EXP-complete.

Corollary 4.8 L(pr, pr) C EXP, L(pr, pi) C EXP,
and L(pi, pr) C EXP.

Proof: The first inequality follows from Theorem 4.5.
The second and third follow from the fact that perfect
information is a special case of perfect recall. |



Question 4.9 Is L(pr,pr) = EXP? This question
can be restated as “Can Theorem 4.6 be proven in
the accept-reject model?” or “Is approximating the
value of a perfect recall game as hard as computing it
exactly?”

Alternatively, is L(pr,pr) = PSPACE? We can
restate this alternative as “Are the game-theoretic
and accept-reject models different for perfect recall
games?” or “Is approrimating the value of a perfect
recall game easier than computing is exactly?”

Question 4.9 has arisen before in the context of
cryptographic complexity — see [FST88]. It should
be pointed out, of course, that the two alternatives
stated explicitly in the question are not the only
two; L(pr, pr) may be equal neither to EXP nor to
PSPACE.

The next class of games we consider is the one in
which exactly one player has imperfect recall. We
obtain tight complexity results for this class.

Theorem 4.10 For any threshold A € [0, 1], the lan-
quage Values x(ir, pr) is in NEXP.

Proof: As before, the game tree GG has size exponen-
tial in its depth n. Let g be an optimal strategy of Py
in G. By Theorem 2.2, we may assume without loss
of generality that the support of p is of size singly
exponential in n. We now construct a nondetermin-
istic exponential-time machine M that proceeds as
follows. Tt first guesses a support S for u. Then,
it constructs the following game G’, with players P/
and Pj. In the first phase of G, P chooses one of the
strategies in S. In the second phase, P; and P, play
G’ exactly as P; and Py play G, except that when-
ever P/ is to move, he must do so according to the
strategy he picked in the beginning. Technically, the
game subtrees of G’ that correspond to the second
phase are simply subtrees of GG, in which only P} gets
to move.

The overall game tree of G’ is still of depth poly-
nomial in n and of size singly exponential in n. Fur-
thermore, G’ is a perfect recall game: Player Pj has
perfect recall, because Py has perfect recall in GG; by
construction, P{ has nothing to recall, because his
one move is made when he chooses a strategy from S
in phase one. By Theorem 2.3, the machine M can
solve G’ optimally in exponential time. If the value of
G' is at least A, then M accepts; otherwise, it rejects.
Clearly, M has an accepting computation iff P; has
a strategy guaranteeing him a payoff of at least A iff
the value of the game is at least A. |l

We could also prove a variant of this theorem uti-
lizing Theorem 2.1 rather than Theorem 2.2. This

would result in a weaker theorem that can only ap-
proximately determine the value of the game. How-
ever, this version would still suffice to prove Corol-
laries 4.14 and 4.15 below, because the polynomially
definable game system model requires a gap in the
value of the game.

Theorem 4.11 NEXP C L(ir, pi).

Proof: Recall that a language is decidable in non-
deterministic exponential time if and only if it has a
multiprover interactive proof system [BFL91]. The
roles of all provers in such a system can be played
collectively by one player with imperfect recall. This
is implied by the theorem of Fortnow et al. [FRS94],
which says that a language has a multiprover proof
system if and only if it has a one-prover “oracle” proof
system; to see this, note that an oracle is an exam-
ple of a player with imperfect recall (actually with no
recall at all). More directly, we can regard the be-
havior of a multiprover system on a particular input
w as a perfect recall game played by the provers and
the verifier; at every leaf of the game tree, the payoffs
to all provers are the same. Consider a single player
that plays the roles of all of the provers. Whenever
it is this player’s turn to move, his information set is
that of the particular prover whose role he is playing
at the time. Because he does not, during this turn,
have the information available to the other provers,
he has imperfect recall.

It is now clear that any nondeterministic exponen-
tial-time language L 1s recognizable by a polynomi-
ally definable game system in which P; has imper-
fect recall and Py has perfect information (and a for-
tiori has perfect recall). To test whether w is in L,
the game system’s referee requires P; to prove that
w € L exactly as P; would do by playing the roles
of all provers in a multiprover system for L, and V
accepts if and only if the proof system’s verifier would
accept. Note that this system does not require V' to
receive any communication from Ps, and thus he can
give Py perfect information about his interaction with
P, without affecting the outcome of the game.® ||

Corollary 4.12 For any threshold A € [0,1], the
languages Values (ir, pi) and Valuesy (ir, pr) are
NEXP-complete.

Corollary 4.13 For any threshold A € [0,1], the
languages Value<(pi, ir) and Value<y(pr, ir) are co-
NEXP-complete.

3We observe that it is possible to prove the same result
using a deterministic verifier, who gets bits from both players
and uses their exclusive or as random bits. In this proof, the
perfect information of P> can be maintained by asking him for
the bits at the beginning of the game.



Corollary 4.14 L(ir, pi) = L(ir,pr) = NEXP.
Corollary 4.15 L(pi, ir) = L(pr, ir) = coNEXP.

The last class of games is that in which both players
have imperfect recall. We give nontrivial upper and
lower bounds for this class, but they do not quite yield
a tight characterization. (See Question 4.19 below.)

Theorem 4.16 For any threshold A € [0, 1], the lan-
guage Valuesy (ir, ir) is in SEXP N IIEXP.

Proof: As in the proof of Theorem 4.10, we use The-
orem 2.2 to conclude that the optimal strategies for
P, and P in G have supports, say S7 and Sy, that
are of size singly exponential in n. The ¥FXP machine
M first guesses a support S;. For any support Sa, a
derived game G’ with players P{ and Pj is obtained
as follows. In phase 1 of G', P{ and P} choose pure
strategies from S; and S5, respectively. In phase 2, G’
is played exactly as GG, subject to the constraint that
the players must use the strategies that they chose in
phase 1. As in the proof of Theorem 4.10, the game
tree of G’ is of exponential size. Furthermore, G’ is
a perfect recall game, because the players each make
only one nontrivial move (in phase 1), after which
there is nothing that they need to recall. Thus G’
can be solved in exponential time, by Theorem 2.3.
M accepts iff the value of G’ is at least X. Clearly,
the value of GG is at least A iff there exists a support
S1 such that for all supports S5, the value of the re-
sulting game (' is at least A. The IIFXP machine M’
is similar; it verifies that for all supports S5, there ex-
ists a support S7 such that the value of the resulting
game is at least A. By the min-max theorem, M’ is
equivalent to M. 1

Once again, we could prove a weaker variant of
this theorem utilizing Theorem 2.1, which would suf-
fice for our result concerning the accept-reject model

(Corollary 4.18).

Theorem 4.17 In the accept-reject model, every
language decidable in deterministic exponential time
with an NP oracle has a polynomially definable game
system in which both players have imperfect recall.

Sketch of proof: Throughout, we will use the fact,
explained in the proof of Theorem 4.11, that a multi-
prover interactive proof can be modelled as a player
with imperfect recall. Let L = L(M#), where M is
a deterministic, exponential-time oracle machine and
A is an NP oracle. Because M is deterministic, there
is, for every word w, a unique, exponential-length
string s of correct answers to the oracle queries that
M makes on input w. The statement “M accepts

(resp. rejects) w if the oracle answers are s” can be
verified using an MIP proof system.

The difficulty lies in verifying that the bits of s
are correct; because there are exponentially many of
them, V' cannot ask the P;’s to provide an MIP proof
for each bit. Instead, P; and P, must encode their
claimed values (say s; and s3) for s in a way that
allows V' to use binary search to discover the first bit
in which s; and so differ. If this first difference is
the 7%* bit, then V asks whichever of P; or P, claims
that the j** oracle query q; is in A to prove this claim
using a standard MIP proof system. V then accepts
this P;’s claim about the membership of w in L if and
only if he accepts the proof that ¢; € A.

In order to permit binary search, we require P; and
P, to encode s and all prefixes of s in a good error-
correcting code. Here “good” means that a proba-
bilistic polynomial-time V' can be convinced that an
exponential-length string is indeed a codeword and
that two unequal, exponential-length codewords are
indeed unequal. [

Corollary 4.18 EXPNF C L(ir,ir) C EXPATIEXP,

Question 4.19 What is the exact complexity of L(ir,
ir)¢ In particular, can the upper bound be improved
to EXPNP 2

Finally, we include two general open questions
about polynomially definable game systems.

Question 4.20 Reif [Re84, Re79] defines a richer
classification of information structure than we (or
traditional game theorists) do and develops an asso-
ciated complexity hierarchy. Can our model, in which
mized strategies are essential, be combined with his?

Question 4.21 Perfect-information games in which
the depth of the game tree is polynomial retain the
same language-recognition power when we replace one
of the all-powerful players by a “random player.”
This is true in both the bounded-error model [GS589]
and the unbounded-error model [Pa85]. Does a sim-
tar result about random players hold for games of
imperfect information or imperfect recall?
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