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Abstract

In general,theproblemof computinga maximuma posteriori(MAP) assignment
in a Markov random�eld (MRF) is computationallyintractable.However, in cer-
tain subclassesof MRF, anoptimalor close-to-optimalassignmentcanbefound
very ef�ciently usingcombinatorialoptimizationalgorithms:certainMRFswith
mutualexclusionconstraintscanbe solved usingbipartitematching,andMRFs
with regular potentialscan be solved using minimum cut methods. However,
thesesolutionsdo not apply to themany MRFs thatcontainsuchtractablecom-
ponentsassub-networks,but alsoothernon-complyingpotentials.In this paper,
we presenta new method,called COMPOSE, for exploiting combinatorialopti-
mizationfor sub-networkswithin thecontext of amax-productbeliefpropagation
algorithm.COMPOSE usescombinatorialoptimizationfor computingexactmax-
marginalsfor an entiresub-network; thesecanthenbe usedfor inferencein the
context of thenetwork asa whole.We describehighly ef�cient methodsfor com-
putingmax-marginalsfor subnetworkscorrespondingbothto bipartitematchings
andto regularnetworks. We presentresultson bothsyntheticandrealnetworks
encodingcorrespondenceproblemsbetweenimages,whichinvolvebothmatching
constraintsandpairwisegeometricconstraints.We compareto a rangeof current
methods,showing that the ability of COMPOSE to transmitinformationglobally
acrossthe network leadsto improvedconvergence,decreasedrunningtime, and
higher-scoringassignments.

1 Intr oduction

Markov random�elds (MRFs) [12] have beenappliedto a wide variety of real-world problems.
However, theprobabilisticinferencetaskin MRFs— computingtheposteriordistributionof oneor
morevariables— is tractableonly in smalltree-widthnetworks,whicharenotoftenanappropriate
model in practice. Thus,one typically must resortto the useof approximateinferencemethods,
mostcommonly(in recentyears)somevariantof loopy belief propagation[11].

An alternativeapproach,whosepopularityhasgrown in recentyears,is basedon themaximuma
posteriori (MAP) inferenceproblem— computingthesinglemostlikely assignmentrelative to the
distribution. Somewhatsurprisingly, therearecertainclassesof networkswhereMAP inferencecan
be performedvery ef�ciently usingcombinatorialoptimizationalgorithms,even thoughposterior
probability inferenceis intractable.So far, two main suchclassesof networks have beenstudied.
Regular (or associative)networks[18], wherethepotentialsencodea preferencefor adjacentvari-
ablesto take the samevalue,canbe solved optimally or almostoptimally usinga minimum cut
algorithm.Conversely, matching networks, wherethepotentialsencodea typeof mutualexclusion
constraintsbetweenvaluesof adjacentvariables,canbe solvedusingmatchingalgorithms.These
typesof networkshave beenshown to beapplicablein a varietyof applications,suchasstereore-
construction[13] andsegmentationfor regularnetworks,andimagecorrespondence[15] or word
alignmentfor matchingnetworks[19].



In many real-worldapplications,however, theproblemformulationdoesnotfall neatlyintooneof
thesetractablesubclasses.Theproblemmaywell havea largecomponentthatcanbewell-modeled
asregularor asa matchingproblem,but theremaybeadditionalconstraintsthattake it outsidethis
restrictedscope.For example,in a taskof registeringfeaturesbetweentwo imagesor 3D scans,we
mayformulatethetaskasamatchingproblem,but mayalsowantto encodeconstraintsthatenforce
the preservation of local or global geometry[1]. Unfortunately, oncethe network containssome
“non-complying”potentials,it is not clearif andhow onecanapplythecombinatorialoptimization
algorithm,even if only asa subroutine.In practice,in suchnetworks,oneoftensimply resortsto
applyingstandardinferencemethods,suchasbelief propagation.Unfortunately, belief propagation
maybefar from anidealprocedurefor thesetypesof networks. In many cases,theMRF structures
associatedwith thetractablecomponentsarequitedenseandcontainmany small loops,leadingto
convergenceproblemsandbadapproximations.Indeed,recentempiricalstudiesstudies[17] show
thatbelief propagationmethodsperformconsiderablyworsethanmin-cut-basedmethodswhenap-
plied to a varietyof (purely) regularMRFs. Thus,falling backon belief propagationmethodsfor
theseMRFsmayresultin poorperformance.

Themaincontributionof this paperis a message-passingschemefor max-productinferencethat
canexploit combinatorialoptimizationalgorithmsfor tractablesubnetworks. Thebasicideain our
algorithm,calledCOMPOSE (CombinatorialOptimizationfor Max-ProductonSubnetworks),is that
thenetwork canoftenbepartitionedinto anumberof subnetworkswhoseunionis equivalentto the
originaldistribution. If wecanef�ciently solvetheMAP problemfor eachof thesesubnetworks,we
would like to combinetheseresultsin orderto �nd anapproximateMAP for theoriginal problem.
The obvious dif�culty is that a MAP solution,by itself, providesonly a single assignment,and
one cannotsimply combinedifferent assignments.The key insight is that we can combinethe
informationfrom the differentsub-networks by computingmax-marginals for eachone. A max-
marginal for an individual variableX is a vectorthatspeci�es,for eachvaluex, theprobabilityof
theMAP assignmentin which X = x. If we have a blackbox that computesa max-marginal for
eachvariableX in a subnetwork, we canembedthat black box asa subroutinein a max-product
belief propagationalgorithm,without changingthealgorithm'sbasicproperties.

In the remainderof this paper, we de�ne the COMPOSE scheme,andshow how combinatorial
algorithmsfor both regularnetworksandmatchingnetworkscanbeembeddedin this framework.
In particular, we also describeef�cient combinatorialoptimizationalgorithmsfor both typesof
networksthatcancomputeall themax-marginalsin thenetwork at a costsimilar to thatof �nding
thesingleMAP assignment.We evaluatetheapplicabilityof COMPOSE on syntheticnetworksand
onanimageregistrationtaskfor scansof acell obtainedusinganelectronmicroscope,all of which
arematchingproblemswith additionalpairwiseconstraints.We compareCOMPOSE to variantsof
bothmax-productandsum-productbelief propagation,aswell asto straightmatching.Our results
demonstratethat theability of COMPOSE to transmitinformationglobally acrossthenetwork leads
to improvedconvergence,decreasedrunningtime,andhigher-scoringassignments.

2 Mark ov RandomFields

In this paper, for simplicity of presentation,werestrictourdiscussionto pairwiseMarkov networks
(or Markov RandomFields)over discretevariablesX = f X 1; : : : ; X N g. We emphasizethat our
resultsextend easily to the more generalcaseof non-pairwiseMarkov networks. We denotean
assignmentof valuesto X with x, andanassignmentof a valueto a singlevariableX i with x i . A
pairwiseMarkov network M is de�ned asa graphG = (V; E) andsetof potentialsF that include
bothnodepotentials� i (x i ) andedgepotentials� ij (x i ; x j ). Thenetwork encodesajoint probability
distribution via an unnormalizeddensityP 0

F (x) =
Q N

i =1 � i (x i )
Q

i;j 2U � ij (x i ; x j ), de�ning the
distributionasPF (x) = 1

Z P0
F (x), whereZ is thepartition functiongivenby Z =

P
x 0 P0

F (x).
Therearedifferenttypesof queriesthatonemaywant to computeon a Markov network. Most

commonare (conditional) probability queries, wherethe task is to computethe marginal prob-
ability of one or more variables,possibly given someevidence. This type of inferenceis es-
sentially equivalent to computingthe partition function, which sumsup exponentiallymany as-
signments,a computationwhich is currently intractableexcept in networks of low tree width.
An alternative type of inferencetask is the is maximuma posteriori (MAP) problem— �nding
argmaxx PF (x) = argmaxx P0

F (x). In theMAP problem,we canavoid computingthepartition
function,sotherearecertainclassesof networksto whichtheMAP assignmentcanbecomputedef-
fectively, eventhoughcomputingthepartitionproblemcanbeshown to beintractable;we describe
two suchimportantclassesin Section4.



In general,however, anexactsolutionto theMAP problemis alsointractable.Max-productbelief
propagation(MPBP)[20] is a commonly-usedmethodfor �nding anapproximatesolution. In this
algorithm,eachnodeX i passesto its neighboringnodesN i a messagewhich is a vectorde�ning a
valuefor eachvaluex i :

� i ! j (x j ) := max
x i

2

4� i (x i )� ij (x i ; x j )
Y

k2N i �f j g

� k ! i (x i )

3

5 :

At convergence, each variable can compute its own local belief as: bi (x i ) =
� i (x i )

Q
k2N i

� k ! i (x i ). In a tree structuredMRF, if such messagesare passedfrom the
leaves towardsa single root, the value of the messagepassedby X i towards the root encodes
a partial max-marginal: the entry for x i is the probability of the most likely assignment,to the
subnetwork emanatingfrom X i away from the root, wherewe force X i = x i . At the root, we
obtainexact max-marginalsfor the entire joint distribution. However, appliedto a network with
loops,MPBPoftendoesnotconverge,evenwhencombinedwith techniquessuchassmoothingand
asynchronousmessagepassing,andtheanswersobtainedcanbequiteapproximate.

3 ComposingMax-Product Inferenceon Subnetworks

Wenow describetheCOMPOSE schemefor decomposingthenetwork into hopefullymoretractable
components,andallowing approximatemax-productcomputationoverthenetwork asawholeto be
performedby iteratively computingmax-productin onecomponentandpassingapproximatemax-
marginalsto theother(s).As theunnormalizedprobabilityof anassignmentin a Markov network
is a productof local potentials,we canpartition the potentialsin an MRF into an ensembleof k
subgraphsG1; : : : Gk over thesamesetof nodesV, associatededgesE1; : : : ; Ek andsetsof factors
F1; : : : ; F k . We requirethat theproductof thepotentialsin thesesubnetworksmaintainthesame
informationastheoriginalMRF. Thatis, if weoriginally haveafactor� i 2 F andassociatedfactors
� (1)

i 2 F1; : : : ; � (k )
i 2 F k , wemusthavethat

Q k
l=1 � ( l )

i (X i ) = � i (X i ). Onemethodof partitioning
thatachievesthisequalityis simply to select,for eachpotential� i , onesubgraphin whichit appears
unchanged,andsetall of theother� ( l )

i to be1.
Evenif MAP inferencein theoriginal network is intractable,it maybe tractablein eachof the

sub-networks in theensemble.But how do we combinethe resultsfrom MAP inferencein anen-
sembleof networks over the samesetof variables?Our approachdraws its motivation from the
MPBPalgorithm,which computesmessagesthatcorrespondto pseudo-max-marginalsover single
variables(approximatemax-marginals,that do not accountfor the loopsin the network). We be-
gin by conceptuallyreformulatingtheensembleasa setof networksover disjoint setsof variables
f X ( l )

1 ; : : : ; X ( l )
n g for l = 1; : : : ; k; we enforceconsistency of the joint assignmentusinga setof

“communicator”variablesX 1; : : : ; X n , suchthateachX ( l )
i musttakethesamevalueasX i . Weas-

sumethateachsubnetwork is associatedwith analgorithmthatcan“readin” pseudo-max-marginals
over thecommunicatorvariables,andcomputepseudo-max-marginalsover thesevariables.

More precisely, let � ( l ) ! i be themessagesentfrom subnetwork l to X i and� i ! ( l ) theopposite
message.Thenwe de�ne theCOMPOSE messagepassingschemeasfollows:

� ( l ) ! i (x i ) = max
x ( l ) : X ( l )

i = x i

PF l (x
( l ) )

Y

j 6= i

� j ! ( l ) (X
( l )
j ) (1)

� i ! ( l ) =
Y

l 06= l

� ( l 0) ! i : (2)

That is, eachsubnetwork computesits local pseudo-max-marginalsover eachof the individual
variables,given, as input, the pseudo-max-marginalsover the others. The separatepseudo-max-
marginalsareintegratedvia thecommunicatorvariables.It is not dif�cult to seethat this message
passingschemeis equivalent to a particularschedulingalgorithm for max-productbelief propa-
gationover the ensembleof networks,assumingthat the max-productcomputationin eachof the
subnetworksis computedexactlyusingablack-boxsubroutine.

We note that this messagepassingschemeis somewhat relatedto the tree-reweightedmax-
product (TRW) methodof Wainwright et al. [8], wherethe network distribution is partitionedas
a weightedcombinationof trees,whichalsocommunicatepseudo-max-marginalswith eachother.



4 Ef�cient Computation of Max-Mar ginals

In this section,we describetwo importantclassesof networks wherethe MAP problemcan be
solved ef�ciently usingcombinatorialalgorithms:matchingnetworks, which canbe solved using
bipartitematchingalgorithms;andregularnetworks,whichcanbesolvedusing(iteratedapplication
of) minimumcutalgorithms.Weshow how thesamealgorithmscanbeadapted,atminimalcompu-
tationalcost,for computingnotonly thesingleMAP assignment,but alsothesetof max-marginals.
Thisallows thesealgorithmsto beusedasoneof our “black boxes” in theCOMPOSE framework.

Bipartite matching. Many problemscanbewell-formulatedasmaximum-score(or minimum
weight) bipartitematching: We aregiven a graphG = (A; U), whosenodesarepartitionedinto
disjoint setsA = A [ B . In G, eachedge(a; b) hasoneendpointin A andthe other in B and
an associatedscorec(a; b). A bipartitematchingis a subsetof the edgesW � U suchthat each
nodeappearsin at mostoneedge.Thenotionof a matchingcanberelaxedto includeothertypes
of degreeconstraints,e.g.,constrainingcertainnodesto appearin at mostk edges.Thescoreof the
matchingis simply thesumof thescoresof theedgesin W.

ThematchingproblemcanalsobeformulatedasanMRF, in severaldifferentways.For example,
in thedegree-1case(eachnodein A is matchedto onenodein B ), we canhave a variableX a for
eacha 2 A whosepossiblevaluesareall of thenodesin B . Theedgescoresin thematchinggraph
arethensimplysingletonpotentialsin theMRF, where� a (X a = b) = exp(c(a; b)) . Unfortunately,
while the costscanbe easilyencodedin an MRF, the degreeconstraintson the matchinginduce
a set of pairwisemutual-exclusion potentialson all pairs of variablesin the MRF, leading to a
fully connectednetwork. Thus,standardmethodsfor MRF inferencecannothandlethe networks
associatedwith matchingproblems.

Nevertheless,�nding themaximumscorebipartitematching(with any setof degreeconstraints)
canbeaccomplishedeasilyusingstandardcombinatorialoptimizationalgorithms(e.g.,[6]). How-
ever, we alsoneedto �nd all themax-marginals.Fortunately, we canadaptthestandardalgorithm
for �nding a single bestmatchingto also �nd all of the max-marginals. A standardsolution to
themax-matchingproblemreducesit to a max-weight�o w problem,by introducinganadditional
“source”nodethatconnectsto all thenodesin A, andanadditional“sink” nodethatconnectsto all
thenodesin B ; thecapacityof theseedgesis thedegreeconstraintof thenode(1 for a1-to-1match-
ing). We now run a standardmax-weight�o w algorithm,andde�ne anedgeto bein thematching
if it bears�o w. Standardresultsshow that, if theedgecapacitiesareintegers,thenthe �o w too is
integral, sothat it de�nesa matching.Let w� betheweightof the�o w in thegraph.A �o w in the
graphde�nesa residualgraph, wherethereis anedgein thegraphwhosecapacityis theamountof
�o w it cancarryrelativeto thecurrent�ow . Thus,for example,if thecurrentsolutioncarriesa unit
of �o w alongaparticularedge(a; b) in theoriginalgraph,theresidualgraphwill haveanedgewith
a unit capacitygoing in thereversedirection,correspondingto thefact thatwe cannow chooseto
“eliminate” the�o w from a to b. Thescoresin theseinverseedgesarealsonegative,corresponding
to thefactthatscoreis lost whenwereducethe�o w.

Our goalnow is to �nd, for eachpair (a; b), thescoreof theoptimalmatchingwherewe force
this pair to bematched.If this pair is matchedin thecurrentsolution,thenthescoreis simply w � .
Otherwise,we simply �nd the highestscoringpathfrom b to a in the residualgraph. Any edges
on this new pathfrom A to B will be includedin thenew matching;any edgesfrom B to A were
includedin theold matching,but arenot in thenew matchingbecauseof theaugmentingpath.This
pathis thebestway of changingthe�o w soasto force �o w from a to b. Letting � betheweight
of this augmentingpath,theoverall scoreof thenew �o w is w� + � . It follows thatthecostof this
pathis necessarilynegative,for otherwiseit wouldhavebeenoptimalto applyit to theoriginal �o w,
improving its score.Thus,we can�nd thehighest-scoringpathby simply negatingall edgecosts
and�nding theshortestpathin thegraph.

Thus,to computeall of themax-marginals,we simply needto �nd theshortestpathfrom every
nodea 2 A to everynodeb 2 B . Wecan�nd thisusingtheFloyd-Warshallall-pairs-shortest-paths
algorithm,which runsin O((nA + nB )3) time,for nA = jAj andnB = jB j; or wecanrunasingle-
sourceshortest-pathalgorithmfor eachnodein B , at a total costof O(nB � nA nB log(nA nB )) . By
comparison,thecostof solvingtheinitial �o w problemis O(n3

A log(nA )) .

Minimum Cuts. A very differentclassof networks thatadmitsan ef�cient solutionis based
on theapplicationof a minimumcut algorithmto a graph. At a high level, thesenetworksencode
situationswhereadjacentvariableslike to take “similar” values. Therearemany variantsof this
condition. Thesimplestvariantis appliedto pairwiseMRFsover binary-valuedrandomvariables.



In this case,a potentialis saidto be regular if: � ij (X i = 1; X j = 1) � � ij (X i = 0; X j = 0) �
� ij (X i = 0; X j = 1) � � ij (X i = 1; X j = 0). For MRFs with only regularpotentials,the MAP
solutioncanbefoundastheminimumcutof aweightedgraphconstructedfrom theMRF [9]. This
constructioncanbeextendedin variousways(see[9] for asurvey), includingto theclassof networks
with non-binaryvariableswhosenegative-log-probability is a convex function[5]. Moreover, for a
rangeof conditionsonthepotentials,an� -expansionprocedure[2], which iteratively appliesamin-
cut to a seriesof graphs,canbeusedto �nd a solutionwith guaranteedapproximationerrorrelative
to theoptimalMAP assignment.

As above, a single joint assignmentdoesnot suf�ce for our purposes.In recentwork, Kohli
andTorr [7], studyingthe problemof con�denceestimationin MAP problems,showed how all
of the max-marginals in a regular network can be computedusing dynamicalgorithmsfor �o w
computations.Their methodalsoappliesto non-binarynetworkswith convex potentials(asin [5]),
but not to networksfor which � -expansionis usedto �nd anapproximateMAP assignment.

5 Experimental Results
We evaluateCOMPOSE on the imagecorrespondenceproblem,which is characteristicof match-
ing problemswith geometricconstraints.We compareboth max-producttree-reparameterization
(TRMP) [8] andasynchronousmax-product(AMP). The axesalongwhich we compareall algo-
rithmsare: theability to achieve convergence,thetime it takesto reacha solution,andthequality
— log of theunnormalizedlikelihood— of thesolutionfound,in theMarkov network thatde�nes
theproblem.We usestandardmessagedampingof .3 for themax-productalgorithmsanda conver-
gencethresholdof 10� 3 for all propagationalgorithms.All testswererun on a 3.4GHz Pentium4
processorwith 2GB of memory.

We focus our experimentson an image correspondencetask, where the goal is to �nd a 1-
to-1 mappingbetweenlandmarksin two images. Here, we have a set of templatepoints S =
f x1; : : : ; xn g anda setT of targetpoints,f x0

1; : : : ; x0
n g. We encodeour MRF with a variableX i

for eachmarker x i in thesourceimage,whosevaluecorrespondsto its alignedcandidatex 0
j in the

target image.Our MRF containssingletonpotentials� i , which mayencodeboth local appearance
information,so thata marker x i prefersto bealignedto a candidatex 0

j in the target imagewhose
neighborhoodlookssimilar to x i 's, or a distancepotentialso thatmarkersx i preferto be aligned
to candidatesx0

j in locationscloseto thosein thesourceimage. TheMRF alsocontainspairwise
potentialsf � ij g thatcanencodedependenciesbetweenthelandmarkassignments.In particular, we
may want to encodegeometricpotentials,which enforcea preferencefor preservationof distance
or orientationfor pairsof markersx i ; x j andtheir assignedtargetsx0

k ; x0
l . Finally, asthegoal is to

�nd a 1-to-1mappingbetweenlandmarksin thesourceandtarget images,we alsoencodea setof
mutualexclusionpotentialsoverpairsof variables,enforcingtheconstraintthatno two markersare
assignedto thesamecandidatex 0

k . Our taskis to �nd theMAP solutionin thisMRF.

Synthetic Networks. We �rst experimentedwith syntheticallygeneratednetworksthatfollow
theaboveform. To generatethenetworks,we�rst createasource“image” thatcontainsasetof tem-
platepointsS = f x1; : : : ; xn g, chosenby uniformly samplinglocationsfrom a two-dimensional
plane.Next, the targetsetof pointsT = f x 0

1; : : : ; x0
n g is generatedby generatingonepoint from

eachtemplatepoint x i , samplingfrom a Gaussiandistribution with meanx i anda diagonalco-
variancematrix � 2I . As therewasno truelocal information,thematching(or singleton)potentials
for both typesof syntheticnetworks weregenerateduniformly at randomon [0; 1). The `correct'
matchingpoint, or the onethe templatevariablegenerates,wasgivenweight .7, ensuringthat the
correctmatchinggetsa non-negligible weightwithoutmakingthecorrespondencetooobvious.We
considertwo differentformulationsfor thegeometricpotentials.The�rst utilizesaminimumspan-
ning treeconnectingthe points in S, andthe secondsimply a chain. In both cases,we generate
pairwisegeometricpotentials� ij (X i ; X j ) thatareGaussianwith mean� = (x i � x j ) andstandard
deviation proportionalto the Euclideandistancebetweenx i andx j andvariance� 2. Resultsfor
the two constructionsweresimilar, so, due to lack of space,we presentresultsonly for the line
networks.

Fig. 1(a)shows thecumulativepercentageof convergentrunsasa functionof CPUtime. COM-
POSE convergessigni�cantly moreoftenthaneitherAMP or state-of-the-artTRMP. For TRMP, we
createdonetreeoverall thegeometricandsingletonpotentialsto quickly passinformationthrough
theentiregraph;therestof thetreeschosenfor TRMPwereoverasingletonpotential,all theneigh-
boringmutualexclusionpotentials,andpairwisepotentialsneighboringthesingleton,allowing usto
maintainthemutualexclusionconstraintsduringdifferentreparameterizationstepsin TRMP. Since



(a) (b)

(c) (d)

Figure 1: (a) Cumulative per-
centageof convergentrunsver-
susCPUtime onnetworkswith
30 variablesandsigmaranging
from 3 to 9. (b) The effect of
changingthe number of vari-
ableson the log score. Shown
is thedifferencebetweenthelog
scoreof eachalgorithmandthe
score found by AMP. (c) Di-
rect comparisonof COMPOSE
to TRMP on individual runs
from the sameset of networks
asin (b), groupedby algorithm
convergence. (d) Scoreof as-
signmentbasedon intermediate
beliefs versus time for COM-
POSE, TRMP, andmatchingon
100 variablenetworks. All al-
gorithms were allowed to run
for 5000seconds.

sum-productalgorithmsareknown in generalto be lesssusceptibleto oscillationthantheir max-
productcounterparts,we alsocomparedagainstsum-productasynchronousbelief propagation.In
ourexperiments,however, sum-productionBPdid notachievegoodscoresevenonrunsin which it
did converge,perhapsbecausethedistributionwasfairly diffuse,leadingto anaveragingof diverse
solutions;weomit resultsfor lackof space.

Fig. 1(b) shows theaveragedifferencein log scoresbetweeneachalgorithm's resultandtheav-
eragelog scoreof AMP asa functionof thenumberof variablesin thenetworks.COMPOSE clearly
outperformstheotheralgorithms,gaininga largerscoremargin asthesizeof theproblemincreases.
In the synthetictestswe ran for (b) and (c), COMPOSE achieved the bestscorein over 90% of
cases.Thisdifferencewasgreatestin moredif�cult problems,wherethereis greatervariancein the
locationsof candidatesin thetargetimageleadingto dif�culty achieving a 1-to-1correspondence.

In Fig. 1(c), we further examinescoresfrom individual runs,comparingCOMPOSE directly to
the strongestcompetitor, TRMP. COMPOSE consistentlyoutperformsTRMP and never losesby
morethana small margin; COMPOSE often achievesscoreson the orderof 240 timesbetterthan
thoseachievedby TRMP. Interestingly, thereappearsnot to beastrongcorrelationbetweenrelative
performanceandwhetheror not thealgorithmsconverged.

Fig. 1(d) examinesthe intermediatescoresobtainedby COMPOSE andTRMP on intermediate
assignmentsreachedduringtheinferenceprocess,for large(100variable)problems.ThoughCOM-
POSE doesnot reachconvergencein messages,it quickly takeslargestepsto a very goodscoreon
thelargenetworks. TRMP alsotakeslargerstepsnearthebeginning,but it is lessconsistentandit
neverachievesascoreashighasCOMPOSE. This indicatesthatCOMPOSE scalesbetterthanTRMP
to largerproblems.This behavior mayalsohelpto explain theresultsfrom (c), wherewe seethat,
evenwhenCOMPOSE doesnotconvergein messages,it still is ableto achievegoodscores.Overall,
theseresultsindicatethatwecanuseintermediateresultsfor COMPOSE evenbeforeconvergence.

Real Networks. We now considerrealnetworksgeneratedfor thetaskof electronmicroscope
tomography:thethree-dimensionalreconstructionof cell andorganellestructuresbasedon a series
of imagesobtainedat differenttilt angles.Theproblemis to localizeandtrackmarkersin images
acrosstime, andit is a dif�cult one;traditionalmethodslike crosscorrelationandgraphmatching
oftenresultin many errors.We canencodetheproblem,however, asanMRF, asdescribedabove.
In this case,the geometricconstraintsweremoreelaborate,andit wasnot clearhow to construct
a goodset of spanningtrees. We thereforeuseda varianton AMP called residualmax-product
(RMP) [3] thatschedulesmessagesin aninformedway over thenetwork; in this work andothers,
we havefoundthisvariantto achievebetterperformancethanTRMPondif�cult networks.

Fig. 2(a) shows a sourcesetof markersin an electrontomographyimage;Fig. 2(b) shows the
correspondenceouralgorithmachieves,andFig.2(c)showsthecorrespondencethatRMPachieves.
Note that, in Fig. 2(c), points from the sourceimageareassignedto the samepoint in the target
image,whereasCOMPOSE doesnothave thesamefailing. Of thetwelvepairsof imageswe tested,



RMPfailedto convergeon 11/12within 20minutes,whereasCOMPOSE failedto convergeononly
two of thetwelve. Becausethenetwork structurewasdif�cult for loopy approximatemethods,we
ran experimentswherewe replacedmutualexclusionconstraintswith soft locationconstraintson
individual landmarks;while convergenceimproved,actualperformancewasinferior.

Fig. 2(d)showsthescoresfor thedifferentmethodswe useto solve theseproblems.UsingRMP
asthebaselinescore,weseethedifferencein scoresfor thedifferentmethods.It is clearthat,though
RMP andTRMP run on a simplernetwork with soft mutualexclusionconstraintsarecompetitive
with, andevenvery slightly betterthanCOMPOSE on simpleproblems,asproblemsbecomemore
dif�cult (morevariancein targetimages),COMPOSE clearlydominates.WealsocompareCOMPOSE
to simply �nding the bestmatchingof markersto candidateswithout any geometricinformation;
COMPOSE dominatesthis approach,neverscoringworsethanthematching.

(a) (b)

(c) (d)

Figure 2: (a) Labeled
markers in a source
electron microscope
image (b) Candidates
COMPOSE assignsin the
target image (c) Candi-
datesRMPassignsin the
target image (note the
Xs through incorrect or
duplicate assignments)
(d) A scorecomparison
of COMPOSE, matching,
and RMP on the image
correspondences

6 Discussion
In this paper, we have presentedCOMPOSE, an algorithmthat exploits the presenceof tractable
substructuresin MRFs within the context of max-productbelief propagation. Motivatedby the
existenceof veryef�cient algorithmsto extractall max-marginalsfrom combinatorialsubstructures,
we presenteda variationof belief propagationmethodsthat usedthe max-marginalsto take large
stepsin inference.We alsodemonstratedthat COMPOSE signi�cantly outperformsstate-of-the-art
methodsondifferentchallengingsyntheticandrealproblems.

We believe thatoneof themajorreasonsthatbelief propagationalgorithmshave dif�culty with
theaugmentedmatchingproblemsdescribedabove is thatthemutualexclusionconstraintscreatea
phenomenonwheresmallchangesto local regionsof thenetwork canhavestrongeffectsondistant
partsof thenetwork, andit is dif�cult for belief propagationto adequatelypropagateinformation.
Someexisting variantsof belief propagation(suchas TRMP) attemptto speedthe exchangeof
informationacrossopposingsidesof thenetwork by meansof intelligentmessagescheduling.Even
intelligently-scheduledmessagepassingis limited, however, asmessagesare inherentlylocal. If
thereareoscillationsacrossa wide diameter, dueto global interactionsin thenetwork, they might
contributesigni�cantly to poorperformanceby BP algorithms.

COMPOSE slicesthenetwork alonga differentaxis,usingsubnetworksthatareglobal in nature
but that do not have all of the information aboutany subsetof variables. If the componentof
the network that is dif�cult for belief propagationcanbe encodedin an ef�cient special-purpose
subnetworksuchasamatching,thenwehaveameansof effectivelypropagatingglobalinformation.
WeconjecturethatCOMPOSE'sability to globallypassinformationcontributesbothto its improved
convergenceandto thebetterresultsit obtainsevenwithout convergence.

Somevery recentwork exploresthecasewherea regularMRF containstermsthatarenot regu-
lar [14, 13], but this work is largely speci�c to certaintypesof “close-to-regular” MRFs. It would
be interestingto compareCOMPOSE andthesemethodson a rangeof networks containingregu-



lar subgraphs.Our work is alsorelatedto work trying to solve thequadratic assignmentproblem
(QAP) [10], a classof problemsof which our generalizedmatchingnetworks area specialcase.
Standardalgorithmsfor QAP includesimulatedannealing,tabu search,branchandbound,andant
algorithms[16]; thelatterhavesomeof the�a vor of messagepassing,walking trailsover thegraph
representinga QAPanditeratively updatingscoresof differentassignmentsto theQAP. To thebest
of our knowledge,however, noneof thesepreviousmethodsattemptsto usea combinatorialalgo-
rithm asa componentin a generalmessage-passingalgorithm,therebyexploiting the structureof
thepairwiseconstraints.

Therearemany interestingdirectionsarisingfrom thiswork. It wouldbeinterestingto performa
theoreticalanalysisof theCOMPOSE approach,perhapsproviding conditionsunderwhichit is guar-
anteedto provide a certainlevel of approximation.A secondmajor directionis the identi�cation
of othertractablecomponentswithin real-world MRFsthatonecansolve usingcombinatorialopti-
mizationmethods,or otheref�cient approaches.For example,theconstraintsatisfactioncommunity
hasstudiedseveralspecial-purposeconstrainttypesthat canbe solvedmoreef�ciently thanusing
genericmethods[4]; it wouldbeinterestingto explorewhethertheseconstraintsarisewithin MRFs,
and,if so,whetherthespecial-purposeprocedurescanbeintegratedinto theCOMPOSE framework.
Overall,webelievethatreal-world MRFsoftencontainlargestructuredsub-partsthatcanbesolved
ef�ciently with special-purposealgorithms; the combinationof special-purposesolvers within a
generalinferenceschememayallow usto solveproblemsthatareintractableto any currentmethod.
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