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Abstract

In generalthe problemof computinga maximunma posteriori (MAP) assignment
in aMarkov randomeld (MRF) is computationallyintractable However, in cer
tain subclassesf MRF, anoptimal or close-to-optimabhssignmentanbe found
very ef ciently usingcombinatorialoptimizationalgorithms:certainMRFs with
mutual exclusion constraintscan be solved using bipartite matching,and MRFs
with regular potentialscan be solved using minimum cut methods. However,
thesesolutionsdo not apply to the mary MRFsthat containsuchtractablecom-
ponentsassub-netvarks, but also othernon-complyingpotentials.In this paper
we presenta new method,called ComPOSE, for exploiting combinatorialopti-
mizationfor sub-netwarkswithin the context of amax-producbelief propagation
algorithm. CoMPOSE usescombinatorialoptimizationfor computingexact max-
marginalsfor an entire sub-netverk; thesecanthenbe usedfor inferencein the
context of the network asa whole. We describehighly ef cient methodsor com-
puting max-maginalsfor subnetvorks correspondindpothto bipartitematchings
andto regular networks. We presentresultson both syntheticandreal networks
encodingcorrespondengaroblemshetweerimageswhichinvolve bothmatching
constraintaandpairwisegeometricconstraints We compareto arangeof current
methods shaving thatthe ability of CoMPOSE to transmitinformationglobally
acrossthe network leadsto improved cornvergence decreasedunningtime, and
higherscoringassignments.

1 Intr oduction

Markov random elds (MRFs) [12] have beenappliedto a wide variety of real-world problems.
However, the probabilisticinferencetaskin MRFs— computingthe posteriordistribution of oneor
morevariables— is tractableonly in smalltree-widthnetworks,which arenot oftenanappropriate
modelin practice. Thus,onetypically mustresortto the useof approximateinferencemethods,
mostcommonly(in recentyears)somevariantof loopy belief propagatiorf11].

An alternatve approachwhosepopularityhasgrown in recentyears,is basedn themaximunma
posteriori (MAP) inferenceproblem— computingthe singlemostlik ely assignmentelative to the
distribution. Somavhatsurprisingly therearecertainclasse®f networkswhereMAP inferencecan
be performedvery ef ciently usingcombinatorialoptimizationalgorithms,even thoughposterior
probability inferenceis intractable. So far, two main suchclassef networks have beenstudied.
Regular (or associativenetworkg[18], wherethe potentialsencodea preferencdor adjacentvari-
ablesto take the samevalue, can be solved optimally or almostoptimally usinga minimum cut
algorithm. Cornversely matding networks wherethe potentialsencodea type of mutualexclusion
constraintdbetweenvaluesof adjacentvariables,canbe solved usingmatchingalgorithms. These
typesof networks have beenshavn to be applicablein a variety of applicationssuchasstereore-
construction13] and segmentationfor regular networks, andimagecorrespondencfl5] or word
alignmentfor matchingnetworks[19].



In mary real-world applicationshowever, theproblemformulationdoesnotfall neatlyinto oneof
thesetractablesubclassesThe problemmaywell have alargecomponenthatcanbewell-modeled
asregularor asa matchingproblem,but theremaybe additionalconstraintghattake it outsidethis
restrictedscope.For example,in ataskof registeringfeaturesbetweertwo imagesor 3D scanswe
mayformulatethetaskasa matchingproblem,but mayalsowantto encodeconstraintghatenforce
the preseration of local or global geometry[1]. Unfortunately oncethe network containssome
“non-complying” potentialsjt is not clearif andhow onecanapplythe combinatorialbptimization
algorithm,evenif only asa subroutine.In practice,in suchnetworks, one often simply resortsto
applyingstandardnferencemethodssuchasbelief propagationUnfortunately belief propagation
may befar from anideal procedurdor thesetypesof networks. In mary casesthe MRF structures
associateavith the tractablecomponentsrequite denseand containmary smallloops,leadingto
convergenceproblemsandbadapproximationsindeed,recentempiricalstudiesstudieg17] shov
thatbelief propagatiormethodsgperformconsiderablyworsethanmin-cut-basedanethodsvhenap-
plied to a variety of (purely) regular MRFs. Thus,falling backon belief propagatiormethodsfor
theseMRFsmayresultin poorperformance.

Themaincontribution of this paperis amessage-passirsghemédor max-producinferencethat
canexploit combinatorialoptimizationalgorithmsfor tractablesubnetverks. The basicideain our
algorithm,calledCom PoSE (CombinatorialOptimizationfor M ax-Producton Subretworks),is that
thenetwork canoftenbe partitionedinto a numberof subnetvarkswhoseunionis equivalentto the
original distribution. If we canef ciently solvethe MAP problemfor eachof thesesubnetvorks,we
would like to combinetheseresultsin orderto nd anapproximateMAP for the original problem.
The obvious dif culty is thata MAP solution, by itself, providesonly a single assignmentand
one cannotsimply combinedifferent assignments.The key insight is that we can combinethe
informationfrom the differentsub-netverks by computingmax-maginals for eachone. A max-
mauginal for anindividual variableX is avectorthatspeci es,for eachvaluex, the probability of
the MAP assignmenin which X = x. If we have a blackbox thatcomputesa max-maginal for
eachvariableX in a subnetwork, we canembedthat black box asa subroutinein a max-product
belief propagatioralgorithm,without changingthe algorithm's basicproperties.

In the remainderof this paper we de ne the ComPOSE schemeand shav how combinatorial
algorithmsfor both regular networks and matchingnetworks canbe embeddedn this framawork.
In particulay we also describeef cient combinatorialoptimizationalgorithmsfor both types of
networksthat cancomputeall the max-maginalsin the network at a costsimilar to thatof nding
thesingleMAP assignmentWe evaluatethe applicability of CoMmPOSE on syntheticnetworksand
on animageregistrationtaskfor scansof a cell obtainedusinganelectronmicroscopeall of which
arematchingproblemswith additionalpairwiseconstraints.We compareComPOSE to variantsof
bothmax-productandsum-producbelief propagationaswell asto straightmatching.Our results
demonstratéhatthe ability of ComPOSE to transmitinformationglobally acrosshe network leads
to improvedcorvergencedecreasedunningtime, andhigherscoringassignments.

2 Mark ov Random Fields

In this paper for simplicity of presentationywe restrictour discussiorto pairwiseMarkov networks

resultsextend easily to the more generalcaseof non-pairwiseMarkov networks. We denotean
assignmenbf valuesto X with x, andanassignmenbf avalueto a singlevariableX; with x;. A
pairwiseMarkov network M is de ned asagraphG = (V; E) andsetof potentialsF thatinclude
bothnodepotentials ; (x;) andedgepotentials j; (xic'?x,- ). Theneamork encodes joint probability
distribution via an unnormalizeddensity P2 (x) = iN:l i(Xi) i 2u i (Xi;x3), de ning the
distributionasPg (x) = ZlPQ (x), whereZ is thepartition functiongivenby Z = = |, P2 (x).

Therearedifferenttypesof queriesthatonemaywantto computeon a Markov network. Most
commonare (conditional) probability queries wherethe taskis to computethe maminal prob-
ability of one or more variables, possibly given someevidence. This type of inferenceis es-
sentially equivalentto computingthe partition function, which sumsup exponentiallymary as-
signments,a computationwhich is currently intractableexceptin networks of low tree width.
An alternatve type of inferencetaskis the is maximuma posteriori (MAP) problem— nding
argmaxy Pe (x) = argmaxx P2 (x). In the MAP problem,we canavoid computingthe partition
function,sotherearecertainclasse®f networksto whichthe MAP assignmentanbecomputecdef-
fectively, eventhoughcomputingthe partition problemcanbe shonn to beintractablewe describe
two suchimportantclassesn Sectior4.



In generalhowever, anexactsolutionto theMAP problemis alsointractable Max-productbelief
propagation(MPBP)[20] is acommonly-usednethodfor nding anapproximatesolution. In this
algorithm,eachnodeX; passeso its neighboringnodesN; a messagevhichis avectorde ning a
valuefor eachvaluex;:
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At cafyergence, each variable can compute its own local belief as: b(x;) =
i(Xi) kon | k! i(Xi). In a tree structured MRF, if such messagesre passedfrom the
leaves towards a single root, the value of the messagegassedby X; towardsthe root encodes
a partial max-maginal: the entry for x; is the probability of the mostlikely assignmentto the
subnetverk emanatingfrom X; away from the root, wherewe force X; = x;. At theroot, we
obtain exact max-maginalsfor the entirejoint distribution. However, appliedto a network with
loops,MPBP oftendoesnot corverge,evenwhencombinedwith techniquesuchassmoothingand
asynchronoumessag@assingandtheanswerbtainedcanbe quite approximate.

3 ComposingMax-Product Inferenceon Subnetworks

We now describehe CoMmPOSE schemdor decomposinghe network into hopefullymoretractable
componentsandallowing approximatemax-productomputatioroverthe network asawholeto be
performedby iteratively computingmax-producin onecomponentaindpassingapproximatemax-
mauiginalsto the other(s). As the unnormalizedprobability of anassignmenin a Markov network
is a productof local potentials,we can partition the potentialsin an MRF into an ensembleof k

informationastheoriginal MRF. Thatis, if Wecsriginallyha/eafactor i 2 F andassociatefiactors
k

i(l) 2 Fq;ii i(k) 2 F,wemusthavethat = |_; i(')(xi) = i(Xj). Onemethodof partitioning
thatachievesthis equalityis simplyto selectfor eachpotential ;, onesubgraphn whichit appears
unchangedandsetall of the other O topel.

[

Evenif MAP inferencein the original network is intractable it may be tractablein eachof the
sub-netvarksin the ensemble But how do we combinethe resultsfrom MAP inferencein anen-
sembleof networks over the sameset of variables? Our approachdraws its motivation from the
MPBP algorithm,which computesnessagethat correspondo pseudo-max-mainalsover single
variables(approximatemax-maginals,that do not accountfor the loopsin the network). We be-

gin by conceptuallyreformulatingthe ensembleasa setof networks over disjoint setsof variables

sumethateachsubnetvork is associatedvith analgorithmthatcan“readin” pseudo-max-mainals
overthecommunicatorariables andcomputepseudo-max-mainalsover thesevariables.

More preciselylet () ; bethe messagesentfrom subnetvork | to X; and ;, () the opposite
messageThenwe de ne the CoMPOSE messag@assingschemeasfollows:
Y
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That is, eachsubnetvork computesits local pseudo-max-majinals over eachof the individual
variables,given, asinput, the pseudo-max-mainalsover the others. The separatgpseudo-max-
maiginalsareintegratedvia the communicatowvariables.It is not dif cult to seethatthis message
passingschemeis equialentto a particularschedulingalgorithm for max-productbelief propa-
gationover the ensembleof networks, assuminghat the max-producttomputationin eachof the
subnetverksis computedexactly usinga black-boxsubroutine.

We note that this messagepassingschemeis somevhat relatedto the tree-eweightedmax-
product (TRW) methodof Wainwright et al. [8], wherethe network distribution is partitionedas
aweightedcombinationof trees which alsocommunicat@seudo-max-mainalswith eachother



4 Ef cient Computation of Max-Mar ginals

In this section,we describetwo importantclassesof networks wherethe MAP problemcanbe
solved ef ciently usingcombinatorialalgorithms: matchingnetworks, which canbe solved using
bipartitematchingalgorithms;andregularnetworks,which canbesolvedusing(iteratedapplication
of) minimumcutalgorithms.We shav how the samealgorithmscanbeadaptedat minimalcompu-
tationalcost,for computingnot only the singleMAP assignmenthut alsothe setof max-maginals.
This allows thesealgorithmsto be usedasoneof our “black boxes”in the ComPOSE framework.

Bipartite matching. Many problemscanbewell-formulatedas maximum-scoréor minimum
weight) bipartite matching: We are givena graphG = (A; U), whosenodesare partitionedinto
disjointsetsA = A[ B. In G, eachedge(a;h) hasoneendpointin A andthe otherin B and
an associatedcorec(a; b). A bipartite matchingis a subsetof the edgesw U suchthateach
nodeappearsn at mostoneedge. The notion of a matchingcanberelaxedto include othertypes
of dggreeconstraintse.g.,constrainingcertainnodesto appeain atmostk edges.The scoreof the
matchingis simply the sumof thescoresof theedgesn W.

ThematchingproblemcanalsobeformulatedasanMRF, in severaldifferentways. For example,
in the degree-1case(eachnodein A is matchedo onenodein B), we canhave a variableX , for
eacha 2 A whosepossiblevaluesareall of thenodesn B. Theedgescoresn the matchinggraph
arethensimply singletonpotentialsn the MRF, where ,(X 4 = b) = exp(c(a; b)) . Unfortunately
while the costscanbe easilyencodedn an MRF, the degreeconstraintson the matchinginduce
a setof pairwise mutual-eclusion potentialson all pairs of variablesin the MRF, leadingto a
fully connectedchetwork. Thus,standardnethodsfor MRF inferencecannothandlethe networks
associatedavith matchingproblems.

Nevertheless,nding the maximumscorebipartitematching(with any setof degreeconstraints)
canbe accomplisheeasilyusingstandarccombinatorialoptimizationalgorithms(e.g.,[6]). How-
ever, we alsoneedto nd all the max-maginals. Fortunately we canadaptthe standardalgorithm
for nding a single bestmatchingto also nd all of the max-maginals. A standardsolutionto
the max-matchingproblemreducest to a max-weight o w problem,by introducingan additional
“source”nodethatconnectgo all thenodesin A, andanadditional“sink” nodethatconnectgo all
thenodesn B ; thecapacityof theseedgeds thedegreeconstrainpf thenode(1 for al-to-1match-
ing). We now run a standardnax-weight o w algorithm,andde ne anedgeto bein the matching
if it bearso w. Standardesultsshawv that, if the edgecapacitiesareintegers,thenthe o w too is
integral, sothatit de nesamatching.Letw betheweightof the o w in thegraph.A ow in the
graphde nesaresidualgraph, wherethereis anedgein the graphwhosecapacityis theamountof
o w it cancarryrelativeto thecurrent ow. Thus,for example,if the currentsolutioncarriesa unit
of ow alongaparticularedge(a; b) in theoriginal graph,theresidualgraphwill have anedgewith
a unit capacitygoingin thereversedirection,correspondindo the factthatwe cannow chooseo
“eliminate” the o w from a to b. Thescoresdn theseinverseedgesarealsonegative, corresponding
to thefactthatscoreis lostwhenwe reducethe o w.

Ourgoalnow is to nd, for eachpair (a;b), the scoreof the optimal matchingwherewe force
this pair to be matched.If this pairis matchedn the currentsolution,thenthe scoreis simplyw .
Otherwise,we simply nd the highestscoringpathfrom b to a in the residualgraph. Any edges
on this new pathfrom A to B will beincludedin the new matching;ary edgesfrom B to A were
includedin theold matching but arenotin the new matchingbecaus®f theaugmentingpath. This
pathis the bestway of changingthe o w soasto force ow fromato b. Letting betheweight
of thisaugmentingpath,the overall scoreof thenew owisw + . It followsthatthecostof this
pathis necessarilyegative, for otherwiset would have beenoptimalto applyit to theoriginal o w,
improving its score. Thus,we can nd the highest-scoringpathby simply negatingall edgecosts
and nding theshortespathin thegraph.

Thus,to computeall of the max-maginals,we simply needto nd the shortesipathfrom every
nodea 2 A toeverynodeb2 B. Wecan nd thisusingthe Floyd-Warshallall-pairs-shortest-paths
algorithm,whichrunsin O((na + ng)?®) time,for no = jAj andng = jBj; orwe canrunasingle-
sourceshortest-pathalgorithmfor eachnodein B, atatotal costof O(hg nang log(nang)). By
comparisonthe costof solvingtheinitial o w problemis O(n3 log(na)).

Minimum Cuts. A very differentclassof networksthatadmitsan ef cient solutionis based
on the applicationof a minimumcut algorithmto a graph. At a high level, thesenetworks encode
situationswhereadjacentvariableslik e to take “similar” values. Thereare mary variantsof this
condition. The simplestvariantis appliedto pairwiseMRFs over binary-valuedrandomvariables.



In this case,a potentialis saidto beregular if:  ; (X; = L, X; = 1)  (X; = 0;X; = 0)

i (Xi=0,X; =1) 5 (Xi=1X; = 0). For MRFswith only regular potentials the MAP
solutioncanbefoundasthe minimumcut of aweightedgraphconstructedrom the MRF [9]. This
constructiorcanbeextendedn variousways(se€9] for asunwey), includingto theclassof networks
with non-binaryvariableswhosenegative-log-probabity is a corvex function[5]. Moreover, for a
rangeof conditionsonthepotentialsan -expansiorprocedurd?2], whichiteratively appliesamin-
cutto aseriesof graphscanbeusedto nd asolutionwith guarantee@pproximatiorerrorrelative
to theoptimal MAP assignment.

As above, a single joint assignmentioesnot sufce for our purposes.In recentwork, Kohli
and Torr [7], studyingthe problemof con denceestimationin MAP problems,shoved how all
of the max-maginalsin a regular network canbe computedusing dynamicalgorithmsfor ow
computationsTheir methodalsoappliesto non-binarynetworkswith corvex potentials(asin [5]),
but notto networksfor which -expansions usedto nd anapproximateMAP assignment.

5 Experimental Results

We evaluate COMPOSE on the image correspondencproblem,which is characteristicof match-
ing problemswith geometricconstraints. We compareboth max-productree-reparameterization
(TRMP) [8] andasynchronousnax-produc{AMP). The axesalongwhich we compareall algo-
rithms are: the ability to achieve corvergencethetime it takesto reacha solution,andthe quality
— log of theunnormalizedik elihood— of the solutionfound,in the Markov network thatde nes
the problem.We usestandardnessagelampingof .3 for the max-productlgorithmsanda corver
gencethresholdof 10 3 for all propagatioralgorithms.All testswererun ona 3.4 GHz Pentium4
processowith 2GB of memory

We focus our experimentson an image correspondencéask, wherethe goalis to nd a 1-
to-1 mappingbetweenlandmarksin two images. Here, we have a setof templatepoints S =
fX1;:::;Xng andasetT of tagetpoints,fx9;:::;x3g. We encodeour MRF with a variableX
for eachmarker x; in the sourceimage,whosevaluecorrespondso its alignedcandidatex? in the
targetimage. Our MRF containssingletonpotentials ;, which may encodebothlocal appearance
information,sothata marker x; prefersto be alignedto a candidatex? in the targetimagewhose
neighborhoodooks similar to x;'s, or a distancepotentialso that markersx; preferto be aligned
to candidates<J° in locationscloseto thosein the sourceimage. The MRF alsocontainspairwise
potentialst j g thatcanencodedependenciesetweerthelandmarkassignmentsn particulay we
may wantto encodegeometricpotentials,which enforcea preferencdor preseration of distance
or orientationfor pairsof markersx;; x; andtheirassignedargetsx?; x?. Finally, asthe goalis to
nd al-to-1 mappingbetweerandmarksn the sourceandtargetimageswe alsoencodea setof
mutualexclusionpotentialsover pairsof variables gnforcingthe constrainthatno two markersare
assignedo thesamecandidatex) . Ourtaskis to nd the MAP solutionin this MRF.

Synthetic Networks. We rst experimentedvith syntheticallygeneratedhetworksthatfollow
theaboveform. To generateéhenetworks,we rst createasourceimage” thatcontainsa setof tem-

eachtemplatepoint x;, samplingfrom a Gaussiardistribution with meanx; anda diagonalco-
variancematrix 21. As therewasno truelocal information,the matching(or singleton)potentials
for both typesof syntheticnetworks were generatediniformly at randomon [0; 1). The “correct'
matchingpoint, or the onethe templatevariablegenerateswasgivenweight.7, ensuringthat the
correctmatchinggetsa non-ngligible weightwithout makingthe correspondenc®mo obvious. We
considertwo differentformulationsfor the geometrigpotentials.The rst utilizesaminimumspan-
ning tree connectingthe pointsin S, andthe secondsimply a chain. In both caseswe generate
pairwisegeometrigootentials j; (X;; X;) thatareGaussiamwith mean = (x; x;) andstandard
deviation proportionalto the Euclideandistancebetweenx; andx; andvariance 2. Resultsfor
the two constructionsvere similar, so, dueto lack of space,we presentresultsonly for the line
networks.

Fig. 1(a) shavs the cumulative percentagef corvergentrunsasa function of CPUtime. Com-
POSE corvergessigni cantly moreoftenthaneitherAMP or state-of-the-aiTRMP. For TRMP, we
createdbnetreeover all the geometricandsingletonpotentialsto quickly passnformationthrough
theentiregraph;therestof thetreeschoserfor TRMP wereoverasingletonpotential all theneigh-
boringmutualexclusionpotentialsandpairwisepotentialsneighboringhesingletonallowing usto
maintainthe mutualexclusionconstraintgluringdifferentreparameterizatiostepsn TRMP. Since



Figure 1: (a) Cumulatve per
centageof corvergentrunsver
susCPUtime on networkswith
30 variablesand sigmaranging
from 3 to 9. (b) The effect of
changingthe number of vari-
ableson the log score. Shavn
isthedifferencebetweerthelog
scoreof eachalgorithmandthe
(@) (b) score found by AMP. (c) Di-
rect comparisonof CoMPOSE
to TRMP on individual runs
from the sameset of networks
asin (b), groupedby algorithm
corvergence. (d) Scoreof as-
signmentbasedon intermediate
beliefs versustime for Com-
POSE, TRMP, and matchingon
100 variablenetworks. All al-
(©) (d) :
gorithms were allowed to run
for 5000seconds.
sum-producilgorithmsareknown in generalto be lesssusceptiblgo oscillationthantheir max-
productcounterpartsye alsocomparedagainstsum-productsynchronouselief propagation.In
our experimentshowever, sum-productiorBP did not achieve goodscoresvenonrunsin whichit
did corverge,perhapdecausehedistribution wasfairly diffuse,leadingto anaveragingof diverse
solutions;we omit resultsfor lack of space.

Fig. 1(b) shavs the averagedifferencein log scoreshbetweereachalgorithm's resultandthe av-
eragdog scoreof AMP asafunctionof the numberof variablesn the networks. ComPOSE clearly
outperformgheotheralgorithms gainingalargerscoremamin asthe sizeof theproblemincreases.
In the synthetictestswe ran for (b) and (c), COMPOSE achieved the bestscorein over 90% of
casesThisdifferencewasgreatestn moredif cult problemswherethereis greatewariancen the
locationsof candidatesn thetargetimageleadingto dif culty achieving a 1-to-1correspondence.

In Fig. 1(c), we further examinescoresfrom individual runs,comparingCompPoSsE directly to
the strongestcompetitor TRMP. ComPOSE consistentlyoutperformsTRMP and never losesby
morethana small magin; COMPOSE often achieses scoreson the orderof 24° timesbetterthan
thoseachievedby TRMP. Interestinglythereappearsiotto bea strongcorrelationbetweerrelative
performancendwhetheror not the algorithmscorverged.

Fig. 1(d) examinesthe intermediatescoresobtainedby CompPOSE and TRMP on intermediate
assignmenteeachedluringtheinferenceprocessfor large (100variable)problems.ThoughCom-
POSE doesnot reachcornvergencein messagest quickly takeslarge stepsto a very goodscoreon
thelarge networks. TRMP alsotakeslarger stepsnearthe beginning, but it is lessconsistenandit
neverachiezesascoreashighasCompPose. Thisindicateshat CompPOSE scaledetterthanTRMP
to largerproblems.This behaior may alsohelpto explain the resultsfrom (c), wherewe seethat,
evenwhenComPOSE doesnot corvergein messagesdt still is ableto achiere goodscoresOverall,
theseresultsindicatethatwe canuseintermediateesultsfor CoMPOSE evenbeforeconvergence.

Real Networks. We now considereal networks generatedor thetaskof electronmicroscope
tomographythethree-dimensionakeconstructiorof cell andorganellestructuresdasedn a series
of imagesobtainedat differenttilt angles.The problemis to localizeandtrack markersin images
acrosgtime, andit is a dif cult one;traditionalmethoddik e crosscorrelationandgraphmatching
oftenresultin mary errors. We canencodethe problem,however, asan MRF, asdescribedabove.
In this case the geometricconstraintsvere more elaborateandit wasnot clearhow to construct
a good set of spanningtrees. We thereforeuseda varianton AMP called residualmax-product
(RMP) [3] thatschedulesnessages aninformedway over the network; in this work andothers,
we have foundthis variantto achieve betterperformancehan TRMP on dif cult networks.

Fig. 2(a) shows a sourcesetof markersin an electrontomographyimage; Fig. 2(b) shavs the
correspondenceur algorithmachieves,andFig. 2(c) shavsthecorrespondenciatRMP achieves.
Note that, in Fig. 2(c), pointsfrom the sourceimageare assignedo the samepoint in the target
image ,whereasCompPOSE doesnot have the samefailing. Of thetwelve pairsof imageswe tested,



RMP failedto corvergeon 11/12within 20 minutes whereasCompPOSE failedto corvergeon only
two of the twelve. Becausehe network structurewasdif cult for loopy approximatenethodswe
ran experimentsvherewe replacedmutual exclusion constraintswith soft locationconstraintson
individual landmarkswhile corvergencamproved,actualperformancevasinferior.

Fig. 2(d) shavs the scoredor the differentmethodsve useto solve theseproblems.UsingRMP
asthebaselinescore we seethedifferencen scoredor thedifferentmethodslt is clearthat,though
RMP and TRMP run on a simplernetwork with soft mutualexclusionconstraintsare competitve
with, andevenvery slightly betterthan ComPOSE on simple problems as problemsbecomemore
dif cult (morevariancen targetimages) CoMPOSE clearlydominatesWe alsocompareCoMPOSE
to simply nding the bestmatchingof markersto candidatesvithout any geometricinformation;
Compose dominateghis approachnever scoringworsethanthe matching.

Figure 2: (a) Labeled
markers in a source
electron  microscope
image (b) Candidates
CoMPOSE assignsn the
@ (b) target image (c) Candi-
datesRMP assignsn the
target image (note the
Xs throughincorrector
duplicate assignments)
(d) A scorecomparison
of CoMPOSE, matching,
and RMP on the image
correspondences

(© (d)
6 Discussion

In this paper we have presentedComPOSE, an algorithmthat exploits the presenceof tractable
substructuresn MRFs within the context of max-productbelief propagation. Motivatedby the
existenceof very ef cient algorithmsto extractall max-maginalsfrom combinatoriabubstructures,
we presented variation of belief propagatiormethodsthat usedthe max-maginalsto take large
stepsin inference.We alsodemonstratedhat ComPOSE signi cantly outperformsstate-of-the-art
methodson differentchallengingsyntheticandreal problems.

We believe that oneof the majorreasonghatbelief propagatioralgorithmshave dif culty with
theaugmentednatchingproblemsdescribedabove is thatthe mutualexclusionconstraintcreatea
phenomenomvheresmallchangeso local regionsof the network canhave strongeffectson distant
partsof the network, andit is dif cult for belief propagatiorto adequatelpropagaténformation.
Someexisting variantsof belief propagation(suchas TRMP) attemptto speedthe exchangeof
informationacrossopposingsidesof the network by meansf intelligentmessagscheduling Even
intelligently-schedulednessageassingis limited, however, as messageareinherentlylocal. If
thereareoscillationsacrossa wide diameter dueto globalinteractionsn the network, they might
contrikutesigni cantly to poorperformanceby BP algorithms.

CoMPOsE slicesthe network alonga differentaxis, usingsubnetworksthatareglobalin nature
but that do not have all of the information aboutarny subsetof variables. If the componentof
the network thatis dif cult for belief propagationcanbe encodedn an ef cient special-purpose
subnetverk suchasamatching thenwe have ameanf effectively propagatingylobalinformation.
We conjecturghat CoMmPOSE's ability to globally passnformationcontributesbothto its improved
cornvergenceandto thebetterresultsit obtainsevenwithout corvergence.

Somevery recentwork exploresthe casewherea regular MRF containstermsthatarenot regu-
lar [14, 13], but this work is largely speci ¢ to certaintypesof “close-to-regular” MRFs. It would
be interestingto compareCompPOSE andthesemethodson a rangeof networks containingregu-



lar subgraphs Our work is alsorelatedto work trying to solve the quadmatic assignmenproblem
(QAP) [10], a classof problemsof which our generalizednatchingnetworks are a specialcase.
Standardalgorithmsfor QAP include simulatedannealingtabu searchpranchandbound,andant

algorithms[16]; thelatterhave someof the avor of messag@assingwalking trails overthegraph
representing QAP anditeratively updatingscoref differentassignmentto the QAP. To the best
of our knowledge,however, noneof theseprevious methodsattemptsto usea combinatorialalgo-
rithm asa componenin a generalmessage-passirgjgorithm, therebyexploiting the structureof

the pairwiseconstraints.

Therearemary interestingdirectionsarisingfrom thiswork. It would beinterestingo performa
theoreticabnalysisof the ComPoOSE approachperhapsproviding conditionsunderwhichit is guar
anteedto provide a certainlevel of approximation.A secondmajor directionis the identi cation
of othertractablecomponentsvithin real-world MRFsthatonecansolve usingcombinatoriabpti-
mizationmethodspr otheref cient approached-or example theconstrainsatishctioncommunity
hasstudiedseveral special-purposeonstrainttypesthat canbe solved moreef ciently thanusing
genericmethodd4]; it would beinterestingo explorewhethertheseconstraintsarisewithin MRFs,
and,if so,whetherthe special-purposprocedureganbeintegratedinto the CompPOSE frameawork.
Overall,we believe thatreal-world MRFsoftencontainlarge structuredsub-partghatcanbe solved
efciently with special-purposalgorithms;the combinationof special-purpossolvers within a
generainferenceschemeanayallow usto solve problemshatareintractableto any currentmethod.
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